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a b s t r a c t

We propose an estimation strategy for two-sided matching models with non-transferable utility based
on the characterization using pre-matching that exploits a fixed-point characterization of the set of
stable matchings.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

Recently, the number of studies that estimate two-sided
matching models has been growing. Although most of the papers
consider a two-sided matching model with transferable utility,1

studies that estimate a two-sided matching model with non-
transferable utility are scarce. A few exceptions include Boyd et al.
(forthcoming), Echenique et al. (forthcoming), Hsieh (2011), and
Uetake and Watanabe (2012).

In this note we propose a way to estimate two-sided matching
models with non-transferable utility based on the characterization
using pre-matching, which is proposed by Adachi (2000).2 This
approach provides the characterization of the set of stable
matchings as a set of fixed points of the pre-matching mapping.
We exploit this fixed-point characterization to estimate themodel.
While Uetake and Watanabe (2012) use the moment inequality
estimator, this paper uses the maximum likelihood. We also
propose a computation algorithm.

∗ Corresponding author.
E-mail addresses: uetake@northwestern.edu (K. Uetake),

y-watanabe@kellogg.northwestern.edu (Y. Watanabe).
1 Examples, among many, include Choo and Siow (2006), Sørensen (2007), Fox

(2010), and Galichon and Salanié (2011).
2 The pre-matching approach is now broadly used in the literature of two-sided

matching models including Echenique and Oviedo (2006), Hatfield and Milgrom
(2005), and Ostrovsky (2008).

2. Model

We consider a simple one-to-one two-sided matching model,
called themarriagematching problem by Gale and Shapley (1962).
In a marriage matching market, there are two types of player: men
denoted by m ∈ {1, 2, . . . ,Nm} ≡ M and women denoted by
w ∈ {1, 2, . . . ,Nw} ≡ W . The utility functions for each m and
w, denoted by Um(w) and Uw(m), are written as follows:

Um(w) = um(w) + εmw,

Uw(m) = uw(m) + εwm,

where um is an implicit function of observable characteristics of
m (denoted by Xm) and of w (denoted by Xw), and εmw is an
idiosyncratic preference shock form to be matched with w, which
an econometrician cannot observe, but players can. Without loss
of generality, we can assume that the utility of being single is 0 for
all m and w, i.e., Um(m) = Uw(w) = 0. The outcome of the game
is a matching µ. A matching µ:M ∪ W → M ∪ W is a one-to-one
correspondence of order two (µ(µ(x)) = x) such that ifµ(m) ≠ m,
then µ(m) ∈ W and if µ(w) ≠ w, then µ(w) ∈ M . For example, if
µ(m) = w, then µ(w) = m. This means thatm is matched with w
in matching µ.

The solution concept we use is the pairwise stability defined
below.

Definition 1. A matching µ is pairwise stable if the following two
conditions are satisfied.

1. (Individual Rationality) Um(µ(m)) ≥ Um(m) and Uw(µ(w)) ≥

Uw(w) for allm and w.
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2. (No-Blocking-Pair Condition) @(m, w) such that Um(w) >
Um(µ(m)) and Uw(m) > Uw(µ(w)).

Gale and Shapley (1962) prove the existence of pairwise stable
matchings using the seminal Deferred Acceptance Algorithm,
while Adachi (2000) provides an alternative characterization of the
set of stable matchings using the pre-matching.

Definition 2. A pair of functions v = (vM , vW ) is called a pre-
matching if vM :M → M ∪ W and vW :W → M ∪ W such
that if vM(m) ≠ m, then vM(m) ∈ W and if vW (w) ≠ w, then
vW (w) ∈ M .

Note that matching µ requires if µ(m) = w, then µ(w) =

m, while pre-matching v does not require such reciprocity. The
interpretation of vM(m) = w is thatmanm is willing to be a couple
with woman w, but it is not necessarily the case that woman w is
also willing to be a couple with manm, i.e. vW (w) ≠ m.

Adachi (2000) shows that the set of pairwise stable matchings
is the same as the set of solutions of the following equations:

υM(m) = argmax

um(m) + εm,m,max

w∈W


um(w)

+ εm,w

uw(m) + εw,m ≥

uw(υW (w)) + εw,υW (w)


, ∀m ∈ M, (1)

υW (w) = argmax

uw(w) + εw,w,max

m∈M


uw(m)

+ εw,m

um(w) + εm,w ≥

um(υM(m)) + εm,υM (m)


, ∀w ∈ W . (2)

Pre-matching υM(m) specifies the women that man m would like
to choose given the pre-matching of all women, vW . Note that
pre-matching of man m is conditional on the pre-matching of all
women, while the pre-matching of all women is conditional on the
pre-matching of all men. In a stable matching, υM(m) is the best
woman w among all women who prefer man m to their current
pre-matching vW (w). Similarly, υW (w) is the best man m among
allmenwhopreferwomanw to their current pre-matching vM(m).

To present Adachi’s (2000) result, let us define the following
partial orderings. Define a partial ordering ≥M on the set of υM
by υM ≥M υ ′

M if and only if υM(m) ≻m υ ′

M(m) ∀m. Similarly, define
a partial ordering ≥W on the set of υW by υW ≥W υ ′

W if and only
if υW (w) ≻w υ ′

W (w) ∀w. Finally, define ◃ on the set of all pre-
matchings by υ D υ ′ if and only if υM ≥M υ ′

M and υW ≤W υ ′

W .

Proposition 1 (Adachi, 2000). The set of solutions to Eqs. (1) and
(2) is non-empty. Hence, the set of stable matchings is non-empty.
Furthermore, the set of stable matchings and partial ordering D form
a complete lattice.

A novel feature of the result of Adachi (2000) is that the set of
stable matchings is the set of fixed points of the non-decreasing
mapping defined by the right hand side of Eqs. (1) and (2), and that
the existence can be proved using Tarski’s Fixed Point Theorem.

3. Estimation

Our inference of the model is based on the observations from
K independent markets, k = 1, 2, . . . , K . We specify the payoff
function as um(w) = u(Xm, Xw, Zk; θ), where Xm is m’s observable
characteristics and Xw is w’s characteristics, Zk is market-level
characteristics, and θ is the vector of parameters to be estimated.

Let denote the solution (that is stable matching) of Eqs. (1)
and (2) by υ∗

M(m) and υ∗

W (w). Then, we denote the probability of
υ∗

M(m) being w by σm(w), and that of υ∗

W (w) being m by σw(m),
i.e., σm(w) = Pr


v∗

M(m) = w

and σw(m) = Pr


v∗

W (w) = m

.

We can interpret σm(w) to be the choice probability that man m
chooses woman w given pre-matching σ ∗

w . Hence, the probability

of obtaining matching between manm and woman w is written as
σm(w) × σw(m).

Using σ = ({σm}
Nm
m=1, {σw}

Nw
w=1), and Eqs. (1) and (2), we obtain

Eqs. (3) and (4) in the probability space. For anym ∈ M , and for any
w ∈ W , σm(w) and σw(m) are given in Eqs. (3) and (4) in Box I.
The first part of Eq. (3) is the (conditional) choice probability
that w is the optimal choice among all women who prefer m
to m′, where m′ is the current partner of woman w in the pre-
matching. In the second part of Eq. (3), σw(m′) is the probability
that the current partner of woman w is man m′ in the pre-
matching. The choice set ofmanm in the second part of Eq. (3) is all
women w′ who prefer m to m′, i.e.


w′

∈ W :Uw′(m) ≥ Uw′(m′)

.

We define Wm,m′ =

w′

∈ W :Uw′(m) ≥ Uw′(m′)

. Similarly, we

defineMw,w′ =

m′

∈ M:Um′(w) ≥ Um′(w′)

. Note that these sets

are not observed by the econometrician, and they are random sets.
If {εm,w, εw,m} follow an i.i.d. Type I extreme value distribution,
thenwe canwrite Eqs. (3) and (4) in the analytical form as follows:
for any m ∈ M and w ∈ W ,

σm(w) =


m′∈M


W ′

exp(um(w))
w′∈W ′∪{m}

exp(um(w′))

× Pr
Wm,m′ = W ′


× σw(m′), (5)

σw(m) =


w′∈W


M ′

exp(uw(m))
m′∈M ′∪{w}

exp(uw(m′))

× Pr
Mw,w′ = M ′


× σm(w′), (6)

where

Pr
Wm,m′ = W ′


=


w∈W ′

exp(uw(m))

exp(uw(m)) + exp(uw(m′))

×


w∈W\W ′

exp(uw(m′))

exp(uw(m)) + exp(uw(m′))
,

Pr
Mw,w′ = M ′


=


m∈M ′

exp(um(w))

exp(um(w)) + exp(um(w′))

×


m∈M\M ′

exp(um(w′))

exp(um(w)) + exp(um(w′))
.

We can compute the probability of choosing unmatched (σm(m)
and σw(w)) by 1 −


w∈W σm(w) and 1 −


m∈M σw(m),

respectively. Note that these equations may correspond to the
aggregate quasi-supply and quasi-demand functions in Choo and
Siow (2006) though we do not have any transfers and ‘‘demand
and supply’’ interpretation may not fit exactly. Moreover, these
equations describe the individual-level decisions rather than
aggregate demand/supply.

The solution of Eqs. (3) and (4) (or Eqs. (5) and (6)), denoted
by σ∗

= ({σ ∗
m}m∈M , {σ ∗

w}w∈W ), is the fixed point of the mappings
defined by the right hand sides of Eqs. (3) and (4).We can now state
the following proposition.

Proposition 2. The set of fixed points defined by Eqs. (3) and (4)
(or Eqs. (5) and (6)) is non-empty.

Proof. We can apply Brower’s Fixed Point Theorem to show the
existence of fixed points because σ is continuous, and is the
mapping from [0, 1]2N onto itself. �

We can solve Eqs. (3) and (4) to get σ∗ for each market k.
Using σ∗, we can construct a likelihood function. Letting µData

k be
the observed outcome of market k, the likelihood of observing a
match (m, w) in the data can be written as σ ∗

m(µData
k (m); θ) ×

σ ∗
w(µData

k (w); θ). Hence, the likelihood of observing matchings
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σm(w) =


m′∈M

Pr


w = argmax


Um(m),

max
w′∈W


Um(w′)


s.t. Uw′(m) ≥ Uw′(m′)


σw(m′), (3)

σw(m) =


w′∈W

Pr


m = argmax


Uw(w),

max
m′∈M


Uw(m′)


s.t. Um′(w) ≥ Um′(w′)


σm(w′). (4)

Box I.

{µData
k }

K
k=1 is

L(θ) =

K
k=1

Nmk
m=1

Nwk
w=1

σ ∗

m(µData
k (m); θ) × σ ∗

w(µData
k (w); θ),

where Nmk and Nwk are the numbers of men and women in market
k.

Note that our approach requires the data generating process to
correspond to a unique stable matching. An example of obtaining
a unique stable matching is the environment in which the data
generating process corresponds to men-optimal stable matching.
If the econometrician does not have good information about the
equilibrium selection mechanism of the data generating process,
alternative approaches such as the way proposed by Uetake and
Watanabe (2012) can be more helpful.

Finally, we propose a computation procedure. Because the
numbers of potential choice sets, Wm,m′ and Mw,w′ , increase
exponentially in the number of players, the exact computation
of the mappings in Eqs. (3) and (4) (or (5) and (6)) becomes
practically impossible as Nmk and Nwk increase, and we need
some approximation. We propose a computational procedure that
approximates the mappings by simulating the choice set.

1. Set the initial choice probabilities in pre-matching, σ =

({σm}m∈M , {σw}w∈W ).
2. Given θ and (m,m′), compute fm,m′(w) = Pr(Uw(m) ≥ Uw(m′))

for any w ∈ W .
3. Simulate the choice set, W s

m,m′ , many times (say, S times) for
each (m,m′) using fm,m′ .

4. Compute the conditional choice probability psm,m′ = Pr


w =

argmax

Um(m),maxw′∈W s

m,m′


Um(w′)


for each s =

1, . . . , S and (m,m′).
5. Compute 1

S

S
s=1


m′∈M psm,m′ × σm(w′). Compute the right
hand side of Eq. (4) by a similar procedure.

6. Solve Eqs. (3) and (4) until they converge.

Note that 1
S

S
s=1


m′∈M psm,m′ × σm(w′) converges to the
right hand side of Eq. (3) as the number of simulations becomes
large.

4. Conclusion

This note proposes an approach to estimate two-sidedmatching
models based on pre-matching. The pre-matching approach
provides a fixed point characterization of the set of stable
matchings, and it allows us to construct the likelihood function.
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