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Abstract

We propose a method to learn personalized customer retention management strategies when
customers’ intentions to purchase evolve over time. Working with a Japanese online platform, we
firstimplement a large-scale randomized experiment, in which coupons are randomly sent to first-
time buyers at different times. The experimental data allow us to estimate personalized dynamic
retention policies using off-policy policy learning methods. We extend the existing methods by al-
lowing inter-temporal budget constraints and feasibility constraints. Our offline evaluation results
show that the optimal dynamic policy is more cost-effective than baseline policies. Finally, we test

the optimal policy online to confirm its performance.

1 Introduction

Managing customer retention is a central part of customer relationship management (CRM). In par-
ticular, it is well known in both academia and practice that the attrition rate at the early stage of the
customer life cycle is quite high (e.g., Fader and Hardie, 2007, 2010; Kim, 2022), but attrition tends
to decrease as customers repeat purchases over time. Hence, it is essential to increase the retention

of first-time buyers to increase the overall customer lifetime value.! Common strategies to retain first-
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time buyers include sending special thank-you messages and providing coupons to encourage another
purchase.?

The recent advancement in the availability of Big Data and machine learning techniques has en-
abled companies to develop sophisticated data-driven CRM strategies. In particular, companies can
now design personalized targeting policies such as sending messages or coupons. At the same time,
improving those policies entails several challenges. The first challenge is that retention management
inherently involves dynamics in customers’ behavior and interests. For example, it is well known that
the retention probability tends to decline as the length of time since the customer’s first-time purchase
increases, as known as the “recency trap” (Neslin, Taylor, Grantham, and McNeil, 2013). It may be too
early to provide retention incentives right after the first purchase, or it can be too late to do so a month
after the purchase. Thus, timing matters. Hence, it is crucial to incorporate dynamics in policy learn-
ing for retention management. Existing retention management strategies, however, mainly focus on
static settings where a company sees customers at one point in time and decides how to treat them
right away.

The second challenge is that many marketing campaigns have a budget ceiling since they do not
want to waste their resource. A common rule of thumb is that the marketing budget is 2-5% of their rev-
enue for business-to-business companies and 5-10% for business-to-customer companies.®> Hence,
marketing managers need to efficiently select marketing strategies within the budget. When the re-
source is limited such that only a subset of customers can receive retention incentives, it is even more
important to determine a cost-effective personalized targeting strategy. Even if there are no explicit
budget constraints, companies may have other types of constraints or rules, which restrict what kind
of policies they can implement in practice. We refer to those constraints as feasibility constraints.

In this paper, we aim to develop a framework that maximizes the retention rate of first-time buy-
ers in a cost-efficient way. Our framework is to learn the optimal dynamic retention strategy, which
decides actions (e.g. coupons) over time in response to the customer’s evolving states, given a budget
constraint and feasibility constraints. To do so, this paper follows the steps illustrated in Figure 1. After
discussing the related literature in Section 2 and the background of our project in Section 3, the pa-
per is organized as follows. In Section 4, we first propose a general framework of constrained dynamic

personalization and discuss the necessary data variations to learn the optimal policy. Our method fol-

“There are a lot of blog posts and articles online on how to send appreciation emails to first-time buyers. For example,
seehttps://wuw.drip.com/blog/customer-appreciation-emails.

3See, e.g., https://www.bdc.ca/en/articles-tools/marketing-sales-export/marketing/
what-average-marketing-budget-for-small-business.
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lows the recent literature on the estimation of optimal dynamic treatment regimes (DTRs) in statistics.
DTRs, also called adaptive treatment strategies, are sequential decision rules that adapt over time to
the changing status of each customer. A DTR, for example, determines whether or not to offer a coupon
as a function of state variables such as the customer’s past purchase history, past browsing history, and
past responses to emails.

Learning optimal DTRs is challenging since the treatment assignment today not only affects the
current customer behavior but also future treatment assignments and outcomes. We extend the
methodologies to learn optimal DTRs by explicitly incorporating various constraints, which makes the
dynamic optimization problem even more complicated because the current treatment assignment af-
fects the future treatment assignments and outcomes not only through customer state dynamics but
also through inter-temporal constraints. Incorporating dynamics and constraints, however, is impor-
tant in developing practical and cost-effective targeting policies.

Following the general framework of DTRs, in Section 5, we discuss the experimental design to gen-
erate the data necessary for estimating dynamic policies. To identify the optimal policy, the experiment
needs to satisfy a condition that the data-generating policy chooses every feasible action with a posi-
tive probability, where the set of feasible actions may depend on the state variables and past actions.
In our case, we use experimental data from a large e-commerce platform in Japan. The company im-
poses a feasibility constraint that each user receives at most one coupon during the campaign. Hence,
our experiments randomize actions at each stage given this feasibility constraint. Our experimental
design allows us to learn dynamic policies under the feasibility constraint as well as an additional inter-
temporal budget constraint.

We use two experimental data sets from the platform. In the first experiment, there are two ac-
tions over three periods, i.e., a retention email and a retention email with a $10 coupon. Two actions
are randomized at each period (2 days, 10 days, and 30 days after the first transaction) under the com-
pany’s feasibility constraint that each consumer receives at most one coupon during the periods. In the
second experiment, there are three actions over three periods, i.e., no email, a retention email, and a re-
tention email with a $10 coupon. Similar to the first experiment, three actions are randomized at each
period under the constraint that each user receives at most one coupon. The purpose of the second
experiment is to allow us to separately estimate the effect of a retention email and a coupon. More-
over, it is possible to learn richer dynamic policies with the second experiment as there is no feasibility
constraint for sending retention emails.

In Section 6, we provide details of learning optimal dynamic personalized policies using the data



discussed in Section 5. We first provide the characterization of optimal DTRs under budget and feasibil-
ity constraints, which transforms the constrained problem into a sequence of unconstrained problems.
We then propose a learning algorithm that allows us to use existing approaches to learning uncon-
strained optimal DTRs as subroutines. There are mainly two approaches to unconstrained problems.
The first approach is the indirect approach, which first estimates the value function and then maxi-
mizes it to derive the optimal dynamic policy. In particular, we use Q-learning (e.g., Murphy, 2005b).
Q-learning is a data-driven dynamic programming procedure that estimates an optimal DTR by max-
imizing the conditional expectation of the cumulative sum of the current and future payoffs given the
current state and action, known as the Q-function. We estimate the Q-function by various machine
learning methods to avoid fully parameterizing underlying data-generating processes and to handle a
large number of state variables. The second approach is the direct approach, which does not require
estimating the Q-function. In particular, we use Backward Outcome Weighted Learning (BOWL) (e.g.,
Zhao, Zeng, Laber, and Kosorok, 2015). The BOWL approach reframes the estimation of an optimal
DTR as a sequential weighted classification problem, starting from the very end period. This reformu-
lation is helpful as one can use existing off-the-shelf classification algorithms.

In Section 7, we show the offline evaluation results. Applying the method to the experimental data,
we first find that, when there is no budget constraint, the optimal DTR based on BOWL can achieve
higher retention than the static optimal policies. More importantly, our budget-constrained optimal
DTRs are much more cost-effective than alternative policies. We find that the return on advertising
(coupon) spending (ROAS), i.e., the sales revenue earned for each $1 spending on advertising (the com-
pany’s main key performance indicator (KPI)), can be as high as 500% with our budget-constrained
policy based on BOWL, which is substantially higher than with other policies. Moreover, our results
reveal customers’ heterogeneous responses to the timing of incentives. Specifically, it is not always op-
timal to send incentives right after the first purchase; for some customers, it may be more beneficial to
send incentives later.

Lastly, in Section 8, we show the online evaluation results. Following our offline evaluation results,
the company tested our optimal DTRs online. The online results confirm our offline evaluation results.
Our budget-constrained optimal policies based on BOWL earn as high as 550% in ROAS, achieving
better performance than other compared policies. Now the company implements our algorithm for

their retention management.

“Note that a ROAS of 500% is not unusually high according to industry standards. Although we do not have the informa-
tion about each product’s margin, if the margin is 30% as usual in the apparel industry, then a ROAS of 500% leads to a return
on investment (ROI) based on profits of 50%. This is because ROI = S2es uplifMargin—Cost _ pHAG x Margin—1=5x0.3—1=0.5.

Cost



Figure 1: Paper Overview
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Our contributions are the following. First, we propose an empirical framework to create dynamic
personalized targeting strategies for retention management when there exist budget constraints (or
other constraints that limit what fraction of the customers can be treated). As Ascarza, Ross, and Hardie
(2021) point out, many companies do not effectively use their customer data to achieve their goals
within their budget. Our framework can address the concern. Second, we apply the methodology
to the experimental data from a leading Japanese e-commerce company and demonstrate that our
approach can generate much higher ROAS than other baseline strategies. The company estimated
that our algorithm generated more than $10 million over a year, compared to the company’s status-

quo strategy. Thus, our approach is practically valid.



2 Related Literature

Our paper is related to the marketing literature on proactive churn/attrition management.> Churn
management is one of the key priorities for most businesses as customer retention is a major com-
ponent of customer lifetime value (CLV) and hence a cornerstone of successful CRM (Ascarza, Neslin,
Netzer, et al., 2018; Ascarza, Ross, and Hardie, 2021). As summarized by Neslin, Taylor, Grantham, and
McNeil (2013), a popular industry practice for data-driven retention management is to flag risky cus-
tomers who are likely to churn using behavioral and demographic variables. By proactively predicting
customer churn, firms can try to convince them to stay (e.g., Neslin, Gupta, Kamakura, Lu, and Ma-
son, 2006). Recently, a few papers have gone beyond this practice. Ascarza (2018) points out that it
is not effective to target customers with higher predicted retention probabilities as they may not be
responsive to marketing interventions and propose to determine targeting based on uplift. Also, Lem-
mens and Gupta (2020) note that it is crucial to take the financial impact of a retention intervention
based on CLV into account. Gopalakrishnan and Park (2023) show that it is not always optimal to send
coupons for retention right after purchases by running a randomized experiment. Our approach adds
to the literature by developing a method that estimates a (counterfactual) dynamic targeting policy
that maximizes retention given budget constraints.®

In marketing, a growing number of papers propose methods for learning optimal personalized poli-
cies.” Hitsch, Misra, and Zhang (2024) propose a policy learning method based on the estimation of
the conditional average treatment effect (CATE) using k-nearest neighbors. Simester, Timoshenko, and
Zoumpoulis (2020) consider an efficient policy evaluation method when existing policies and new poli-
cies are compared. Yoganarasimhan, Barzegary, and Pani (2023) estimate the CATE with different ma-
chine learning models and compare the performance of targeting policies constructed based on these
models. Yang, Eckles, Dhillon, and Aral (2023) consider how to derive targeting policies when an out-

come of interest is observed only in the long term by applying the idea of statistical surrogacy (Athey,

SAlthough “churn” is used in the context of contractural settings such as subscription business and “attrition” is used in
non-contractural settings, we use those words almost interchangeably as our method can be used in both cases.

SFor a review of the literature, see, e.g., Ascarza, Neslin, Netzer, et al. (2018).

"In economics, there is a strand of papers on policy learning. Athey and Wager (2021), for example, develop methods for
policy learning with observational data. Their method can be used to optimize various types of treatment allocation such as
binary treatments and infinitesimal changes in continuous treatments. Kitagawa and Tetenov (2018) study policy learning in
anonparametric setting and obtain regret bounds for the Empirical Welfare Maximization (EWM) method. Bhattacharya and
Dupas (2012), Luedtke and van der Laan (2016), Qiu, Carone, and Luedtke (2022), and Sun (2021) study how to incorporate a
certain policy constraint in a static setting of policy learning, not in a dynamic setting as ours. Sakaguchi (2022) extends the
EWM method to a dynamic setting with inter-temporal constraints. Our method is different from Sakaguchi (2022) in that
our approach transforms the constrained problem into a sequence of unconstrained problems, which allows us to use the
existing approaches such as Q-learning and BOWL. Moreover, our method is computationally light and can accommodate a
large number of state variables.



Chetty, Imbens, and Kang, 2019) and optimal policy learning.

Recently, a few papers in marketing explicitly examine dynamic personalized policies. The most
closely related paper is Liu (2023). Liu (2023) develops a dynamic reinforcement learning algorithm for
dynamic pricing in e-commerce and finds that the dynamic reference price effect plays an important
role. Also, Wang, Li, Luo, and Wang (2023) propose a sequential targeting strategy using deep rein-
forcement learning and apply it to the experimental data from a mobile app promotion campaign. In
a different context, Kar, Swaminathan, and Albuquerque (2015) and Rafieian (2023) examine dynamic
ad targeting and show the importance of the inter-temporal externalities. We add to this brand-new
literature by proposing a method to estimate dynamic cost-effective policies, which explicitly take con-
straints into account. Moreover, we differ from those papers as we consider a non-Markov dynamic

setup.? Finally, our paper investigates a substantively different topic on retention management.

3 Background

The company we work with is one of the largest e-commerce platforms in Japan (about $2,300 million
transaction volume in 2021) that mainly sells apparel products for young female customers. There
are more than 1,500 retailers on the platform and more than 8 million active users. The users buy
products from the retailers through the platform’s website or the mobile app. Those apparel brands
and retailers delegate marketing activities to the platform company that manages inventories at the
company’s warehouse and handles shipping directly to consumers. The platform charges a certain fee
to retailers for each transaction, but retailers do not have to bear any costs for keeping their products
in the platform’s inventory warehouse.

The company’s retention strategy primarily focuses on enhancing the retention of first-time pur-
chasers instead of their overall lifetime value (LTV). There are a few reasons for doing so. First, the
company'’s analysis indicates that the impact of a second purchase on LTV is significantly higher than
subsequent purchases. As measuring LTV directly is time-consuming, using a second purchase as a
proxy can yield an effective and time-efficient policy (Yang, Eckles, Dhillon, and Aral, 2023). Second,
the retention rates for first-time buyers are substantially lower than those for repeat customers. Hence,
incentivizing a second purchase among these customers could improve both retention rates and over-

all LTVs.

8In the literature of personalized medicine, DTRs are developed in non-Markov settings to adaptively select clinical treat-
ments in response to the factors emerging over time (e.g., Murphy, 2003; Murphy, Lynch, Oslin, McKay, and TenHave, 2007;
Zhao, Kosorok, and Zeng, 2009; Zhang, Tsiatis, Laber, and Davidian, 2013, to name a few). Another related paper is Nie,
Brunskill, and Wager (2021), which study when to start treatment and learn the optimal policy.



Figure 2: Recency and Retention Probability

Purchase prob.

Recency

Notes: The graph shows the time (days) since the first purchase on the horizontal axis and purchase probabilities, i.e., retention
probabilities on the vertical axis. The purchase probabilities are calculated from the experimental data we use for the estimation of optimal
dynamic policies. The company sends incentives 2 days, 10 days, and 30 days after the customer’s first purchase, giving hikes around those
days.

The company’s original retention strategy for first-time buyers is, as suggested by many popular
marketing strategy books, to send “thank you” messages to first-time buyers to show appreciation and
to provide them with some information such as various rankings of items and the company’s app. They
are neither personalized nor dynamically optimized. The company sends an email three times, 2 days,
10 days, and 30 days after the first purchase.’ These emails aim to encourage second purchases.

Although the company has seen positive impacts of the current appreciation emails on retention,
the company would like to increase the retention rate by providing financial incentives and personal-
ization.

As to providing incentives, the timing is crucial. Neslin, Taylor, Grantham, and McNeil (2013) high-
lights a well-known concept of the recency trap: the retention probability diminishes as the time since
the last purchase increases. Figure 2 shows the relationship between the days since the last purchase
and the average purchase probability in our application, suggesting a similar declining pattern.'®

This observed pattern underscores the importance of timing for targeting customers. Delaying
incentives might reduce their effectiveness due to diminished purchasing intent. Conversely, sending
incentives immediately after the first purchase might be unnecessary, as they may purchase for the

second time even without such incentives. This is also of practical importance for the company, who

90bserve that the customer typically receives their product a few days after checking out. Hence, the company sends the
second email about a week after the package delivery, and the third one about four weeks after the delivery.
Pprevious papers consider the recency trap in longer terms than ours. Although we are not allowed to disclose the average
purchase intervals, customers in the platform we study buy more frequently than other prior studies.



is concerned with its budget constraint. While the company’s general objective is to maximize the
retention rate (and hence LTV), the company hesitates to distribute too generous incentives. Those

considerations led us to design a cost-effective, personalized retention strategy.

4 Framework for Dynamic Policy Personalization with Constraints

In this section, we introduce a general model and problem setup for dynamic policy personalization
with constraints. We also discuss the requirements for data collection to learn optimal dynamic poli-

cies. Our proposed learning method is presented later in Section 6.

4.1 Non-Markov Dynamic Environment

We consider the following dynamic environment. Time is discrete and finite, denoted by t =1,2,..., T.
In our application, there are three periods (T = 3). All the variables defined below are user-level. We
let X; € &', denote the state variables in period ¢. The state variables include the user demographic
information, past purchase information, browsing information, responses to past marketing activities,
etc. Our methodology can easily accommodate a large number of state variables. In our application,
we use more than 100 variables for X;. The company can choose an action A; € .¢/; for each user
every period, where .¢/; is the action set. Our application considers two settings. In the first setting,
the company either sends an incentive or not in addition to the appreciation message, so .</; = {0, 1},
where option 1 is sending the incentive. In the second setting, the company has an additional option
of not sending the appreciation message. The outcome and cost of interest are Y e R and C € R, which
will be realized after period T.!! In our case, we consider customer retention and the coupon amount
used within 2 or 3 months after the first purchase as the outcome and cost, respectively.

We introduce the history H; € 7 to describe the summary of the events up to period ¢. More pre-
cisely, we define H, = X; and H; =(H,_;,A;_1, X;) for all ¢ > 1. Note that the history includes not only
the state variables but also the actions taken up to that period. The initial state distribution is denoted
by Px,(x1), and the state transition distribution from periods ¢ —1 to ¢ is denoted by Px, (x;|h;—y,a;—1).
The final outcome Y and cost C are then determined by the entire history up to period T, ht, and the
action taken in period T, ar, following the distribution Py ¢(y, c|hr,ar). Note that the model is non-

Markov, i.e., the state transition depends not only on the previous state but also on the entire history

17t is straightforward to apply our method to the case where the outcome and cost are the discounted cumulative values,
e.g., >, B'Y,and >, B C,, where Y, and C, are the period-¢ outcome and cost and f is the discount factor.



up to that period. This implies that we may not be able to use off-the-shelf reinforcement learning
algorithms that typically assume a Markov environment.

With this dynamic environment, a dynamic treatment regime (DTR) is a sequence of decision rules
d=(dy,..., dr), whered, : #, — A(.</,)is afunction that maps the history up to time ¢ into a probability
distribution over actions. We use d,(a,|h;) to denote the probability of choosing action a, given history
h;. If the decision rule is deterministic and chooses an action with probability one, then we use d,(h;,)
to denote the action. In our application, a simple example of a rule d, is to send an incentive if the user
visits the platform’s website after the previous period ¢ —1.

When a DTR d is applied to the above dynamic environment, the trajectory H =

(X3,A4,...,X7,Ar, Y, C)is generated by the following process.
L. Xy~ Py, Ay~ dy(-|Hy).
2. Xy~ Px,(|Hi—1,A;)and Ay ~d,(|H) for £ =2,..., T.
3. (Y,C)~ Py c(|Hr,Ar).

That is, a DTR generates the action for each period, which has direct impacts on the final outcome Y
and cost C and indirect impacts through the state variables. We denote the distribution of H under

DTR d by Py and the expectation with respect to Py by Eg.

4.2 Data-generating Process

Suppose that we observe data {H(i)}?zl = {(X{”,A(li), o XD AWy ), CU))}:; of n individuals, where
trajectories H\, ..., H are independently and identically generated by the above process with some
common DTR d°. If the data are generated from an experiment, as in our empirical setting, d° is the
known random assignment policy used by the experiment.!? We denote the distribution of the ob-
served trajectory of user i, H), by P and the expectation with respect to P by E, both of which are
unknown.

We assume the following overlap condition. We use ./, (h,) C ./, to denote the set of feasible actions

when the history up to period ¢ is h;. Section 4.3 provides an example of sets ./, (h;).
Assumption 1. Foranyt=1,2,..,T and(a;, h;) € .</;(h;) x 7, d?(atlh,) > 0.

This assumption states that the data-generating DTR d° chooses every feasible action a, € .</,(h;)

with a positive probability in every history h, € J¢,. As a result, in the data generated by DTR d°, we

121f we use observational data, our approach requires the estimation of the data-generating policy.

10



observe every trajectory H that can be realized under any feasible DTR. This assumption is standard
in the literature of DTR and is satisfied when the data are collected in a sequential multiple assign-
ment randomized trial (SMART) (Murphy, 2005a). In our application, we design an experiment that
randomizes feasible actions so that Assumption 1 holds, as detailed in Section 5.

4.3 Objective and Constraints

Our learning objective is to use the data {H (i)}?zl to choose a DTR that maximizes the expected value
of the outcome Y under certain constraints:

d*e argmdaxEd[ Y]s.t. (BC) and (FC),

where we consider two constraints (BC) and (FC), defined below.

1. Inter-temporal Budget Constraint (BC):
E4[C]< B, (BC)

where B > 0 is a per-user budget. In our empirical context, C is the coupon amount that the
customer uses within 2 or 3 months after the first purchase and B is the budget ceiling over time
specified by the company on how much can be spent per customer. The above formulation also
allows for a constraint on the fraction of times the company takes a particular action. For ex-
ample, if the company’s action is either send a coupon or not, denoted by A, € {0,1}, and the
company has a limited number of coupons, we can write the constraint as Eq[C] < B, where
C= Zthl A, is the total number of coupons the customer receives and B > 0 is the capacity on

the number of coupons per customer.

2. Feasibility Constraint (FC):
{a, e o, :d;(a;|h;) >0} C .o (h;)forall h, e 4, and t =1, ..., T, (FC)

where .¢/,(h,) C .o/, is the set of feasible actions when the history up to period ¢ is h,. If the DTR

d is deterministic, the constraint is equivalent to

d,(h;)e.d,(h;)forall h, e #, and t =1,..., T.

11



This constraint allows us to prohibit the DTR from choosing particular actions in particular his-
tories by appropriately specifying the feasible set .7;(h;). In our application, we consider the

following feasibility constraints:

(a) The DTR sends a coupon to each user at most once over time.

(b) The DTR does not send a coupon if the user has already made a second purchase.

These constraints can be imposed by restricting the feasible action set depending on the past
actions and user’s behaviors.!3

Under Assumption 1, the average outcome E4[Y] and average cost E4[C] are identified for every

feasible DTR d satisfying (FC), from the data generated by d°. For example, we can write

E4lY]=E C

t
t ;‘)(Al'lHl')

T T
d,(A;|H d,(A;|H
Y| |g— and E4[C]=E Al AdHy) )
t=1 dt (AtlHt) =1 d

where the expectations on the right-hand sides are taken with respect to the distribution of H under d°.
This way of adjusting distributions is called the inverse probability weighting or importance sampling
technique (Precup, Sutton, and Singh, 2000).

Thus, in principle, we can solve the constrained optimization problem for an optimal DTR by com-
puting Eq[ Y] and Eq4[C] (or estimating them with finite data {H (i)}?:l) for all feasible DTRs. However,
such a brute-force approach is computationally infeasible, especially if there are a large number of
state variables. In Section 6, we show that we only need to search through a certain class of feasible

DTRs for an optimal one and develop a computationally feasible learning algorithm.

BSpecifically, we can incorporate these constraints by letting a, € {0, 1} denote whether to send a coupon and setting

{0} ifsecond; =1

. (h)=
1) {{0,1} otherwise

andforr>1
0 ifa,+---+a,_,=1orsecond, =1
=10 e ran ,
{0,1} otherwise,

where second, indicates whether the user has already made a second purchase before the beginning of period ¢ and is as-
sumed to be included in the state vector x;.

12



Figure 3: Experimental Design (First Experiment)
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5 Experimental Designs and Data

5.1 Experimental Designs

In this section, we describe the designs of the randomized experiments that we will use for estimating
the optimal policies. The company conducted two experiments: one with two actions and another
with an additional action. The data from each experiment are used to estimate the optimal policy for

each setting.

First Experiment. The company conducted the first experiment from September to December 2020.
As explained in Section 3, the company focuses on customers who have just made their first purchase.
There are about 150,000-200,000 first-time buyers per month during the experiment period.!* We ran-
domly choose about 70% of those first-time buyers for the experiment.

In the first experiment, customers in the control group receive only appreciation emails, each of
which contains information about how to use the platform or a generic ranking of the items sold on
the platform. They receive appreciation emails at three different times: 2 days, 10 days, and 30 days
after the first purchase. The customers in the treatment group receive the financial incentive of 1,000
points (about $10) along with the appreciation emails.!> There is no expiration date for those points.

Since the platform had never provided coupons for first-time buyers, the customers did not know if

The non-disclosure agreement (NDA) does not allow us to report the exact number of customers involved in the exper-
iment.

15The company was not willing to offer %-off coupons because such a coupon can be very costly for the platform if users
purchase expensive items. The design of coupons is beyond our research question.

13



they could receive coupons until they made a purchase.

In the treatment group, there are three subgroups depending on when the customers receive the in-
centive, as shown in Figure 3. The customers in the 2-day treatment group receive the incentive 2 days
after the first purchase, and they receive only the appreciation emails 10 days and 30 days after the first
purchase. The 10-day treatment and the 30-day treatment groups are similarly defined. Hence, each
first-time buyer in the treatment groups receives the incentive at most once during the experimental
period. The company imposes this constraint for two reasons. First, the company does not want to
provide too many coupons. Second, the company’s main interest is to examine the timing of sending
a coupon rather than the frequency of sending coupons.

The randomization is done at the user level. We randomly assign each user right after their first
purchase to one of the four groups: the control (39.76%), the 2-day treatment (19.15%), the 10-day
treatment (20.5%), or the 30-day treatment (20.59%).

Note that the experiment randomly divides the customers into four groups who receive different
action profiles (A;,A,,A3) € {0,1}3 such that A, + A, + A; < 1 prior to the first treatment, where A,
indicates whether to send a coupon at time ¢ (i.e., day 2, day 10, or day 30). Implementing this ran-
domization design is equivalent to implementing a sequential randomization design that randomly
determines each customer’s treatment prior to each period based on the past treatment profile. More

specifically, our design is equivalent to the following sequential design:
e At t =1 (day 2), the action A; (whether to send a coupon) is randomized.

e At t =2 (day 10), A, is randomly assigned conditional on A;, where Pr(A, = 1|A; = 1) =0, while
Pr(A2 = 1|A1 = 0) S (0, 1)

¢ Att =3 (day30), Az israndomly assigned conditional on (A;, A,), where Pr(A; =1|A;+A,=1)=0,
while Pr(Ag = 1|A1 +A2 = 0) € (0, 1)

Hence, our experiment can be used to estimate optimal dynamic policies within the class of policies
that send a coupon to each user at most once over time (A; + A, + A3 < 1). When learning optimal
policies, we also impose an additional feasibility constraint that they do not send a coupon if the user
has already made a second purchase, as mentioned in Section 4.3.16 It is also straightforward to see
that the data generated by the experimental policy satisfies Assumption 1. Thus, we can estimate a

constrained optimal dynamic policy with the data generated by the experiment.

6This constraint is imposed to save the cost of coupons.
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Table 1: Summary Statistics (First Experiment)

Variable 2 day 10 day 30 day Control
mean sd mean sd mean sd mean sd

Female 0.631 0.483 0.631 0.483 0.629 0.483 0.634 0.482
Age 30.24 12.69 30.31 12.76 30.23 12.68 30.25 12.67
Quantity: first buy 1.699 1.520 1.697 1.482 1.691 1.588 1.697 1.493
Sales: first buy (JPY) 8065.3 8213.6 8127.3 8405.5 8102.7 8361.3 8089.4 81579
Points used: first buy 557.5 756.9 556.5 760.2 556.5 762.0 560.3 860.9
# of sessions/day (pre 1st buy) 0.697  2.016 0.698 2.032 0.703 2.049 0.704  2.047
# of PVs/day (pre delivery) 15.08 31.78 15.38 33.02 15.24 32.73 15.23 32.64
# of favorites/day (days 2-10) 0.207 1.036 0.178 1.119 0.179 1.047 0.180 1.018

# of messages sent (days 10-30)  32.21 37.81 32.31 37.16 31.60 37.28 31.61 37.29

Note: The first six columns report the mean and standard deviation of each variable for each of the three treatment groups.
The last two columns are for the control group. The number of observations in each treatment is not reported due to the non-
disclosure agreement (NDA).

Table 1 reports the summary statistics of a subset of the variables we use.!” In the first two columns,
we show the mean and standard deviation of each variable for the customers in the 2-day treatment.
Similarly, the third and fourth columns are for the customers in the 10-day treatment, the fifth and
sixth columns for the customers in the 30-day treatment, and the seventh and eighth columns for the
customers in the control group.

For user demographics, about 63% of users are female and the average age of users is 30. The num-
ber of items purchased (quantity) and total spending (sales) on the user’s first purchase occasion are
on average 1.7 items and 8,100 JPY, respectively, across conditions. Also, users apply about 550 points
for the first purchase across all conditions.'®

The last four rows contain a subset of the user behavior variables. Since we use more than 100
behavioral variables based on the user access and behavior data (sessions, page views (PVs), favorites,
messages sent, etc.) before and after the first purchase, itis not possible to report the summary statistics

of all of those variables. Hence, we randomly choose four variables and show their summary statistics

in the table.!?

Second Experiment. The company conducted another experiment between June and August 2021
aiming to optimize whether to send an appreciation email as well as when to send a coupon. In the
experiment, first-time buyers are randomly assigned to one of the four groups: the control group, who

receive no coupon, and the three treatment groups, who receive a coupon 2 days, 10 days, or 30 days

17We show the results of the balance check in Online Appendix.

¥Most users receive 500 to 2000 points when they sign up for the platform. They can use them immediately, especially
for their first purchase.

YNote that we do not mean those reported variables are more important than other variables. We simply choose those
variables at random. This is required by the company for confidentiality issues.
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Figure 4: Experimental Design (Second Experiment)
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after the first purchase. Moreover, when users do not receive a coupon, an email is randomly sent.
Hence, there are 20 subgroups (combinations of the assigned treatments at the three timings) in total,
where there are about 5% of users for each subgroup. Figure 4 visualizes the design.

Similarly to the first experiment, this experimental design is equivalent to randomly assigning three
actions (email with a coupon, email only, and no email) in each of the three time periods, under the
feasibility constraint that the “email with a coupon” action can be taken at most once. It is straightfor-
ward to see that the data generated by this experiment satisfy Assumption 1 to estimate the optimal
DTR of sending emails and coupons given the feasibility constraint.

Table 2 reports the summary statistics of a subset of the variables we use, computed from the data
from the second experiment. To save space, we do not report the summary statistics for all possible
treatment conditions, and we report the summary statistics only for the three treatment groups based
on the timing the coupons are sent. For example, the day-2 group includes the users who receive a
coupon on day 2 regardless of the treatments on days 10 and 30. We also report the summary statis-
tics for the control group, which consists of the users who do not receive an incentive or an email on
any of the three days. For both demographic and behavioral variables, we do not find any significant

differences across conditions.

5.2 Average Treatment Effects

Before we explain the estimation of DTR with the experiment data, we report the average treatment

effects in this section.
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Table 2: Summary Statistics (Second Experiment)

Variable 2 day 10 day 30 day Control (no email)
mean sd mean sd mean sd mean sd
Female 0.632 0.482 0.631 0.483 0.628 0.483 0.632 0.482
Age 32.18 18.23 32.21 18.25 32.05 18.21 31.97 17.98
Quantity: first buy 1.013 0.179 1.013 0.172 1.014 0.221 1.015 0.252
Sales: first buy (JPY) 4057 4187 4090 4298 4063 4082 4070 4090
# of sessions/day (pre 1stbuy) 0.777  2.108  0.769  2.067 0.779  2.129  0.759 2.032
# of PVs/day (pre delivery) 12.81 2834 1275 2930 1296 29.38  12.60 27.27

# of favorites/day (2-10 day) 0.155 0.805 0.128 0.911 0.135 0.824 0.119 0.640
# of messages sent (10-30 day) 5.145 17.389 5.167 17.941 5.192 18.177 5.260 19.651

Note: The first six columns report the mean and standard deviation of each variable for each of the three treatment groups who
receive incentives 2, 10, and 30 days after their first purchase. The last two columns are for the control group with no emails.

Table 3: Average Treatment Effects (First Experiment)

Retention Sales (JPY) Quantity Retention Sales (JPY) Quantity

(A): 8 Week Outcomes (B): 12 Week Outcomes
2 day 0.023 266.7 0.091 0.023 421.9 0.118
(0.001) (109.4) (0.023) (0.002) (147.4) (0.030)
10 day 0.015 23.5 0.041 0.011 -35.0 0.023
(0.002) (107.0) (0.022) (0.002) (144.1) (0.029)
30 day -0.002 102.4 0.024 0.010 157.1 0.029
(0.002) (106.8) (0.022) (0.002) (143.9) (0.029)

Note: The first column reports the treatment effects on whether a customer makes any purchases within 8

weeks (Panel (A)) or 12 weeks (Panel (B)) since their first purchase. The second column reports the treatment

effects on total sales and the third column reports the treatment effects on the number of items purchased.

The table does not report the constants as the constants reveal the baseline retention rates, sales, and quan-

tities, which is prohibited due to the NDA.
First Experiment. First, we estimate the average treatment effects with the first experiment data.
Specifically, we compare the average outcomes between each of the three treatment groups and the
control group. As the outcome variables, we consider the following three: whether or not the user
makes the second purchase (retention), the total purchase (sales) in JPY, and the number of items pur-
chased (quantity).?° The outcomes are measured 8 weeks or 12 weeks after the first purchase, not after
each treatment.

As Panel (A) of Table 3 shows, we find that the average treatment effect of a coupon on the retention

rate is 2.3% for the 2-day treatment and is monotonically decreasing as the coupon is sent at later tim-
ings. For total spending, the treatment effect is 267 JPY for the 2-day treatment, while not statistically

significant for the other treatments. The treatment effects on quantity show a similar pattern to the

effects on retention.

20The estimation sample includes the users who make the second purchase before they receive incentives. When we
remove all users who purchase before they receive coupons, the results are virtually the same as Table 3.
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Table 4: Average Treatment Effects on 12-Week Outcomes (Second Experiment)

Retention Sales (JPY) Quantity Retention Sales (JPY) Quantity

(A): Financial incentive (B): Only appreciation email
2 day 0.037 416.2 0.162 0.000 -114.1 -0.020
(0.003) (202.4) (0.041) (0.003) (193.4) (0.043)
10 day 0.024 99.1 0.052 0.002 111.5 0.027
(0.003) (151.9) (0.039) (0.003) (202.7) (0.047)
30 day 0.013 -10.7 0.023 0.000 -214.1 -0.058
(0.003) (229.1) (0.045) (0.003) (140.7) (0.048)

Note: In each panel, the first column reports the treatment effects on whether a customer makes any pur-
chases within 12 weeks since their first purchase. The second column reports the treatment effects on total
sales and the third column reports the treatment effects on the number of items purchased. For the first
panel, we condition on the subsample of customers who receive an email on at least one of the other tim-
ings. For the second panel, we condition on the subsample of customers who receives financial incentive on
one of the other timings. The standard errors are in parentheses. The table does not report the constants as
the constants reveal the baseline retention rates, sales, and quantities, which is prohibited due to the NDA.

Since customers who are assigned to the 30-day treatment have less time to make purchases until
the outcomes are measured 8 weeks after the first purchase, the treatment effect may mechanically
decrease. To mitigate such a concern, we extend the length of the period we measure outcomes to 12
weeks so that those in the 30-day treatment have sufficient time to make a second purchase. Panel (B)
reports the treatment effects for the outcomes within 12 weeks. We find that the treatment effects are
qualitatively similar to Panel (A). Thus, we focus on the 8-week outcome as the main outcome when
learning optimal DTRs. The optimal uniform strategy is to send incentives 2 days after the first pur-

chase.

Second Experiment. Next, we estimate the average treatment effects with the second experiment
data. Notice that there are two treatments, an email with a coupon and an email without a coupon. This
design allows us to separately estimate the effect of coupons and emails. At the same time, since we
have two sorts of treatments at different timings, we estimate the ATE of one treatment (incentive/email
onday 2, 10, or 30) by controlling the treatment conditions of the other timings. Specifically, to estimate
the ATE of financial incentives on one timing, we use the subsample of the users who receive the email
on atleast one of the other timings: for example, to estimate the ATE of the 2-day treatment of financial
incentives, we select the users who receive the financial incentive on day 2 and the email on day 10 or 30
or both, and then compare their outcomes with the outcomes of the users who receive nothing on day
2 but receive the email on day 10 or 30 or both. Similarly, to estimate the ATE of emails, we condition
on the subsample that receives financial incentives on one of the other timings. In Appendix B.1, we

report the results of the ATE under different conditions.
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The estimation results in Table 4 show that the appreciation email without coupons might increase
retention, although estimates are mostly statistically insignificant and economically negligible.?! The
2-day and 30-day treatment effects of emails on retention are minimal and the 10-day treatment effect
is 0.2%. Sales also increase by 110 JPY by emails for the 10-day treatment, but not for the 2-day or 30-
day treatment (100 and 200 JPY decrease, both statistically insignificant). The results also reveal that
the coupons in addition to the appreciation emails increase retention, sales, and the number of items

purchased. The 2-day coupons increase the retention rate by 3.7% and sales by 400 JPY.

5.3 Heterogeneity in Treatment Effects

Although the average treatment effects are informative to see which treatment is more effective than
others on average, it may not necessarily be the case that the 2-day treatment is optimal for all users.
To see how much heterogeneity exists in the treatment effect, we now estimate the conditional average

treatment effects (CATEs) for the first experiment by considering the following regression:

3
Y; :ﬁO(Xi)+Zﬂ1t(Xi)Ait +é&,
=1

where Y; is the indicator of retention, A;; € {0, 1} indicates whether to send a coupon at time ¢ (day 2,
10, or 30), X; € R is a variable for which we examine heterogeneity in the treatment effect, S,(X;) is the
conditional mean of Y; given X; for the control group, and ;;(X;)indicates the average treatment effect
for period ¢ conditional on X;. We parametrize By(X;) and B;,(X;) so that they may vary depending on
which decile of X; the user belongs to.

We estimate the model by the ordinary least squares (OLS) with the first experiment data. Figure 5
shows the estimates of the conditional average treatment effects of the 2-day treatment (Panel (a)) and
10-day treatment (Panel (b)) on the 8-week retention rate for each decile of the number of messages
sent to the user until the delivery of their first purchased item. The treatment effects vary significantly
across users: for both 2-day and 10-day treatments, the average treatment effect tends to increase as
the user receives more messages. In Appendix B.2, we present the results for the 30-day treatment and

for heterogeneity with respect to different conditional variables.??

2 To save space, we report the results for the outcomes measured 12 weeks after the first purchase. Results for 8-week
outcomes are presented in Appendix B.1.

22As a robustness check, we also estimate the CATE with respect to low-dimensional variables with high-dimensional
controls, using double/debiased machine learning (Chernozhukov, Chetverikov, Demirer, Duflo, Hansen, Newey, and Robins,
2018). The results, available upon request, also exhibit clear heterogeneity.
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Figure 5: Heterogeneous Treatment Effects on 8-Week Retention (First Experiment)
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Note: The figures show the average treatment effects (2-day treatment for Panel (a) and 10-day treatment for Panel (b)) on the re-
tention rate within 8 weeks against the number of messages sent, which is split into deciles. Error bars indicate the 95% confidence
intervals.

6 Learning Optimal DTRs

In this section, we propose our strategy for learning the optimal dynamic policy under the budget and
feasibility constraints described in Section 4. This section focuses on the baseline setting where the
action is binary. In Section 6.3 and Appendix C, we discuss our learning algorithm for the setting with
multiple actions.

In Section 6.1, we first show that a threshold rule is an optimal dynamic policy for the binary-action
case. We then present an algorithm for estimating the optimal policy using the experimental data in
Section 6.2. Our algorithm requires two types of base estimation methods, one for estimating threshold
rules and the other for evaluating the performance of DTRs. Sections 6.2.1 and 6.2.2 discuss possible

approaches to these two types of estimation.

6.1 Optimal DTRs

Recall that our optimization problem is given by

mdaxEd[Y]
s.t. Eg[C]< B 6.1)

{a, e .o, :d;(a;|h;)>0}C ., (h)forall h, € 7, and t =1,..., T.
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We show that a threshold DTR is a solution to this optimization problem. To define threshold DTRs,
we introduce the Q-function, sequentially defined as follows. Given a DTR d = (dy,...,dr), letd, =
(dy,...d;)andd, =(d,,...,dr). For the final period T, the Q-function is the conditional mean outcome

given the history and final action:
Qf (hr,ar)=E[Y|Hr = hy,Ar =ar).

Fort = T—1,...,1, the Q-function is the conditional mean outcome given the history and current action,

assuming the future actions are determined by d,,, =(d,, ..., d7):
Qty(ht,a[;c_ltﬂ) = E&M[Y|Ht =h;, Ay =a]

=E Z dt+l(at+1|Ht+l)Q;1:.1(Ht+l»at+l;at+2) Hi=h;Ar=a; |,

ar11€F 11

where we set Q}/(hT, ar;dry) = Q}/(hT, ar). We define the Q-function for the cost C analogously by
QTC(hT’aT): E[C|Hr = hr,Ar=ar]and th(ht)at;at+l) = Eat+1[C|Ht =h;, Ay =a,].

Threshold DTRs make decisions based on these Q-functions.

Definition 1 (Threshold DTRs). The threshold DTR with parameter 4 = (A4,...,A7) € RI, denoted by
d(A)=(d;(; i_Lt))thl with 4, = (A, ..., A7), is defined recursively as follows. For the final period T,

dr(hr;Ar)€arg max {QT(hT»aT) )LTQj(;(hT’aT)}-

ar€.d/r(hr)

Fort=T-1,...,1,

d (hml ) € arg g}dax {Qt (ht’at»dtﬂ(}vtﬂ)) A:Q; (ht»at;dt+l()'t+1))}

where at+1(it+1) = (dt+1(‘;it+1), wo dr (5 A7)

By construction, threshold DTRs only choose among feasible actions, satisfying the feasibility con-
straint. 4 is a hyperparameter that controls the cost under the threshold DTR. When the action is binary

and both actions are feasible, the period-t rule can be written as

Qt (R, 141 (Apn))— QY (Ry, 05d 41 (A4 41)) S
Qt (ht’l!dt+l(}'t+1)) Q[C(ht:O;at+l(it+1)) B

di(hi;Ar) =
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provided that the denominator is positive. In other words, the rule assigns the treatment (action 1) to
individuals for which the ratio between the conditional average treatment effects on the outcome and
cost exceeds a certain threshold. Given the future rules d,;(4,,1), increasing the period-¢ threshold
A, leads to a smaller fraction of individuals who receive the treatment in period ¢. Furthermore, we

can show from the definitions of the Q-functions and the threshold rule that d,(-; 4,) maximizes

Ei/t—l'dtrazﬂ(itﬂ)[ Y— )Lt C]

among period-t rules d; (given any arbitrary i’t_l).ZS Therefore, A; can be interpreted as the “shadow
price” of the budget constraint. If there is no budget constraint, the choice of 4 = (0,..,0) leads to an
optimal DTR.

In the next proposition, we show that when the action is binary, the threshold DTR achieves the

largest average outcome under the budget constraint with an appropriate choice of A.

Proposition 1. Let .o/, ={0,1} forallt =1,..., T. Suppose that a solution to the maximization problem
(6.1) exists, and let d* denote a solution. Suppose also that there exists A" € ]Rf such that Eq+[C]= B

and that Eg’;,&m(ijﬂ)[c] =B forallt=1,..,T—1.2* Thend(A*) solves (6.1).

Proof. See AppendixD.1. m

6.2 Proposed Algorithm

The result in the previous section suggests solving the problem (6.1) over the class of threshold DTRs.

That is, the DTR d(A4*) is optimal, where

A*eargmax VY (d(A)) s.t. VE(d(A)) < B, (6.2)
AeRT

where VY (d)= E4[Y]and V¢(d) = E4[C].
Based on the above observation, we propose an algorithm for using the data {H) I | to estimate

d(A%), presented in Definition 2.

Definition 2 (Algorithm for Learning an Optimal DTR).

2See Appendix D.2 for the details.

24The existence of a threshold DTR with binding budget constraints excludes the case where the average cost discontinu-
ously changes as 4 changes so that a randomized DTR is optimal. We can show the existence of such a threshold DTR under
primitive conditions such as the absolute continuity of the probability measures of the Q-values.
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1. Use a hyperparameter optimization method?® to optimize A with the optimization problem set
to

max Vv () s.t. V5 ()< B,

AeRI

where for each A € Rf_, \78\/,(1) and VC%(I) are obtained as follows:

(a) Take a K-fold random partition (7 k)I,le of trajectory indices {1, ..., n} such that each fold is

of equal size. Foreach k=1,.., K, let I ={1,..,n}\ I .
(b) Foreachk=1,...,K:

i. Use the data excluding the k-th fold, {H (i)} to estimate d(A). Let d;(A) denote the

: c)
ST s

estimated DTR.

ii. Use the k-th fold of the data, {H®},_, to estimate V¥ (di(4)) and V(di(A)). Let

iEIk’

V.Y (2) and V,€(4) denote the estimates.

(c) Take the average of the estimates over K folds to calcualte
1 & 1<
~Y _ L ~Y ~C _ 5 C
Vey(A) = X ,;:1 Vi (4) and Vi (A) = X 1;21 Vi (A).

2. Let 4 denote the opimizer from Step 1. Set 2 = 4 and apply the estimation method used in Step
1(b)i to the full data {H (”}?:1 to estimate d(4). The resulting DTR is our estimate for the optimal
DTRd(A").

Our algorithm learns the optimal parameter value A* by applying a hyperparameter optimization
method to the problem (6.2) where the true average outcome and cost of d(4), V'Y (d(4)) and V ¢(d(A)),
are replaced with their cross-validation estimates, VC‘{,(Z) and Vé{}(l). In other words, this optimization
aims to maximize the estimated outcome VCI{,(A) among the values of 4 € Rf for which the estimated
cost ch,(l) is below B.

To estimate V Y(d(4)) and V ¢(d(A)) for each candidate value of A, we first estimate the threshold
DTR d(4) and then estimate the average outcome and cost of the estimated rule. If we use the full data
{H (")}?:1 both for estimating d(4) and estimating its average outcome and cost, substantial bias might
arise due to overfitting. To remove the potential bias, we use K -fold cross validation, a sample splitting
procedure that uses independent, separate samples for the estimation of the rule and for the evaluation

of the performance of the estimated rule.

%Possible hyperparameter optimization methods include a grid search and Bayesian optimization (see, e.g., Nogueira,
2014). In our empirical application, we use a grid search.
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In Section 6.2.1, we develop two methods to estimate the threshold DTR d(4) used in Step 1(b)i and
Step 2, by modifying existing methods. The two methods allow us to use either an off-the-shelf regres-
sion method or classification method in machine learning. In our application, we try various regression
or classification methods and choose the best one in terms of the cross-validation performance of the
resulting DTR.

In Section 6.2.2, we introduce the Inverse Probability Weighting estimator, a standard estimator for

VY (d) and V¢(d) for a given feasible DTR d, which can be used in Step 1(b)ii.

6.2.1 Estimation of Threshold DTRs

We develop two methods to estimate the threshold DTR for given 4 € RI. The two methods build
on two existing methods for learning an optimal DTR without a budget constraint, Q-learning and

Backward Outcome Weighted Learning (BOWL), resepectively.

Q-Learning. (Q-learning (e.g., Watkins, 1989; Murphy, 2005b; Murphy, Lynch, Oslin, McKay, and Ten-
Have, 2007) is a sequential method that estimates an unconstrained optimal DTR. Moving backward
from the final period, it estimates the Q-function by a parametric, semiparametric, or nonparametric
regression and derives the rule by maximizing the estimated Q-function over actions.

We propose a modified version of Q-learning to estimate threshold DTRs, presented in Definition
3. This approach estimates Q-functions and resulting rules backward from ¢t = T to t = 1. For the
final period T, we first use a regression method to estimate the Q-functions Q}f (hr,ar)= E[Y|Hr =
hr,Ar =ar]and QTC(hT, ar)=E[C|Hy = hr, Ar = ar]. We then plug the estimates into the expression
for the rule dy(hr; A7) in Definition 1. For ¢ < T, to estimate the period-¢ Q-function given the future

rules d,;;(4,4,), note that we can write it as

QtY (ht’ at?atﬂ(itﬂ)) = Eam(im)[ﬂHt =h, A =a]

=E [Q;;l (Ht+1’ dip1(Hpprs jft+1)§(_it+2(ift+2)) |H; =h;, A = at]'

This suggests estimating the Q-function by regression of Y;,; on H, and A,, where Y;,, is an esti-
mate for Q}:Ll (HtH, di(Hiq; Apsn); at+2(it+2)) from the previous iteration. Once we estimate the Q-
functions both for the outcome and cost, we plug them into the expression in Definition 1 to estimate

di(hg; i‘t)
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Definition 3 (Q-Learning for Threshold DTRs). Construct an estimator da) = (cft(-;it))thl for the

threshold DTR d(A) = (d;(+; it))thl by iterating the following three steps backward from t =T to t = 1:

1. Runaregression of Y (when ¢ = T) or ¥} (when ¢ < T) on H" and A} and a regression of C?
(when t =T) or Ct(i)1 (when £ < T) on H[(i) and A(ti), where 17;?1 and ét(21 are defined in Step 3 of
the previous iteration. Let Oty (h;,a,) and Otc (h;, a,) denote the estimated regression functions

from the two regressions.

2. Set

dAt(hﬁit)earga glda)((h ){QAtY(ht’ a,)—lt(jtc(h,,at)}.

3. Let V"= QY (H",d,(H";4,)) and €\ = Q¢ (1", d, (H,";,)) for i =1,.., n.

When A, = 0 for all ¢, our algorithm is standard Q-learning for maximizing V¥ (d). In our applica-
tion, we try several machine-learning regression methods such as LASSO, Random Forest, and Light-

GBM (Light Gradient Boosting Machine) to estimate Q-functions.?®

Backward Outcome Weighted Learning. Backward Outcome Weighted Learning (BOWL; Zhao,
Zeng, Laber, and Kosorok, 2015) is another sequential method that estimates an unconstrained op-
timal DTR, which can be applied to the binary-action case. This approach aims to directly maximize
a nonparametric estimate of the average outcome over DTRs. This is in contrast to regression-based
methods such as Q-learning, which indirectly attempts such maximization by plugging the estimated
Q-functions into the optimal DTR.

Specifically, BOWL casts the problem of maximizing the average outcome over DTRs as a sequence
of binary classification problems, where the objective of each problem is to minimize a weighted mis-
classification error. Going backward from the final period, BOWL directly estimates the optimal rule
by applying a classification method to the binary classification problem.

We propose a modified version of BOWL to estimate threshold DTRs. A key observation is that the

threshold DTR solves a sequence of minimization problems.

Proposition 2. Let .o/, = {0,1} for all t = 1,...,T. Under Assumption 1, the threshold DTR d(A) =

%In principle, one can apply deep reinforcement learning (DRL) methods to estimate the Q-functions. There are a few
challenges in our application. First, typically DRL is applied to the case with a longer time horizon. Since our application
has only three periods, the benefits of using DRL may be limited. Second, typical applications of DRL consider a Markov
situation, while our application considers a non-Markov situation. Hence, widely used DRL algorithms may not work.
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(dt(-:it))T

:—1» defined in Definition 1, satisfies the following: dr(; Ar) solves

Y—-ArC
i E{—————1[A dr(H .t. dr(hp)e dr(h I hr e s,
dT;Ein{o,l} d%(AﬂHT) [Ar #dr(Hr)]| s r(hr) r(hr) for all hy T

and fort=T-1,..,1,d,(A,) solves

(Y =2 O Tjerii 1[A) = dj(H}34))]

. j=t+1
_nin E T ;0
dy: A —1{0,1} [1-. 45 (4;1H;)

1[A; #d(H;)]
s.t. d,(h,) € ., (h,) forall h, € 7,

Proof. See AppendixD.2. B

The intuition for this result is as follows. From the definitions of the Q-functions and the threshold

rule, we can show that the period-T rule dr(-; Ar) maximizes

(Y —=ArC)[Ar =dr(Hr)]
d(Ar|Hy)

EQOT,I,dT[Y_ATC] = E

among deterministic rules dr that satisfy the feasibility constraint. Here, the expectation on the left-
hand side is taken with respect to the distribution if we follow the data-generating rule d° prior to the
final period and then follow a period- T candidate rule dy, while that on the right-hand side is under the
data-generating rule d°. The equality of the two expected values follows from the inverse probability

weighting technique. When the action is binary and hence 1[A7 = d7(H7)] = 1—1[A7 # dr(Hr)], maxi-

mizing the right-hand side over d; is equivalent to minimizing E dg(;\ﬁfi) 1[Ar #d T(HT)]], leading to
the result in Proposition 2. A similar argument applies to periods t < T.

The objective functions in Proposition 2 can be viewed as a weighted misclassification error of the
classification problem where we aim to classify the observed action A, based on H,;. The weight for
each misclassification event is, for example, given by % for the final period ¢ = T. Our proposed
approach, presented in Definition 4, estimates a threshold DTR by sequentially solving the weighted

classification problems.

Definition 4 (BOWL for Threshold DTRs). Construct an estimator d(A) = (d. (5 it))thl for the threshold
DTRd(A) =(d,(; Zt))thl by iterating the following three steps backward from t =T to ¢ =1:

1. Apply a weighted classification method to the subsample for which both actions are feasible

in period ¢ (i.e. ./, (Ht(i)) = {0,1}), using A(ti) as the true class, Htm as the feature vector, and
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(Y-, T o [A? =]

_p,C
—, (when t =T) or (when t < T) as the weight for observation
AR a0 ¢
i.?" Here, A(til, ,A(T are defined in Step 3 of the iterations prior to ¢. Let d,(h,;) denote the
constructed classification rule.

2. Set

1 if .o/, (h,)={1}
di(hi;2.)=1 0 if .e7;(h;) = {0}

di(h,)  if < (h,)=1{0,1}.
3. Let A(ti) =d, (Ht(i);it) fori=1,..,n

When A; = 0 for all ¢ and there is no feasibility constraint, our algorithm is standard BOWL for
maximizing VY (d). In our application, we try several classification methods such as SVM (Support

Vector Machine), Random Forest, and logistic regression in Step 1.28

6.2.2 Evaluation of DTRs

Our proposed algorithm requires a method for estimating the average outcome V ¥ (d) = E4[ Y] and cost
V ¢(d) = E4[C] of a given feasible DTRd = (d, ..., d). Standard methods include the Inverse Probability
Weighting (IPW) estimator (Precup, Sutton, and Singh, 2000; Strehl, Langford, Li, and Kakade, 2010).

For a deterministic DTR d, the IPW estimator using data {H (i)}?zl is given by

() _ (0) T i _ (@)
o gy L o AT = ()] s o LAY = di (1)
Vaw@==>"vOT] —— VSy(d) = — Zc T1 :
PW v Vipw
i=1 =1 d} (A(tl)|Ht(l)) t=1 d?( |H )
Under Assumption 1, the IPW estimator is unbiased and consistent for any DTR that satisfies the fea-
sibility constraint. The IPW-based evaluation has been used in existing papers such as Hitsch, Misra,

and Zhang (2024) and Yoganarasimhan, Barzegary, and Pani (2023).

ZTFor the final period, to prevent negative weights, we can instead use L; = 1[W; > 0] as the true class and |W;| as the

weight, where Wy = dg(j;;ﬂ(ZAT —1). This is based on the fact that minimizing E d;(j;;r) 1[A; # dr(Hy)]| is equivalent to

minimizing E [|W;|1[L; # d(Hr)], which can be shown by some algebra. For ¢ < T, we can use L, = 1[W, > 0] as the true
(Y*ArC)H/T:LH I[AJ':AJ']
T1}-: d9(a;1H;)
2Since the objective function of the weighted classification problem is non-convex and discontinuous, Zhao, Zeng, Laber,
and Kosorok (2015) propose to replace the 0-1 loss 1[A; # d,(H,)] with a hlnge loss ¢ (A, f;(H;)) =max(1— A, f;(H;),0), where
A, €{—1,1}and f; : #, — Ris the decision function so that d,(h,) = sign(f;(h,)). Zhao, Zeng, Laber, and Kosorok (2015) show
that the change in the loss function does not change the solution to the minimization problem.

class and |W;| as the weight, where W, = (2A; —1). We implement this approach in our application.
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In our application, we use the IPW estimator for several reasons.?” First, IPW does not involve any
first-stage estimation, while alternative methods, such as the Doubly Robust (DR) estimator (Jiang and
Li, 2016), require the estimation of high-dimensional functions and can be sensitive to the choice of
the first-stage estimation method. The absence of a first-stage estimation in IPW also significantly in-
creases the computational speed of our proposed algorithm. Second, since our application has only
three periods, the scope of variance reduction by other methods may be limited. Third, alternative
approaches often focus on Markov settings and may not be directly applicable to our non-Markov set-
ting. However, we note that alternative estimators such as DR may perform better in other empirical
scenarios, including the case with a long time horizon and the case where the data-generating policy

d? is unknown and needs to be estimated.

6.3 Discussion

Here, we provide a comparison between Q-Learning and BOWL and additional details on the imple-
mentation. We also compare our dynamic approach with static approaches and discuss a possible

approach to the extension to multi-action settings.

Comparison between Q-Learning and BOWL. Although both Q-learning and BOWL can theoreti-
cally find the optimal DTR given the availability of infinite data and no misspecification, it may be
useful to compare the two approaches.

Q-learning fits a model to best predict Q-functions rather than to maximize the expected outcome
of the resulting DTR (Murphy, 2005b). Consequently, even in an ideal setting with infinite data, if the
model for the Q-function is misspecified, the DTR induced from maximizing the fitted Q-function may
be far from optimal. Moreover, even if the model is correctly specified, the performance of Q-learning
may be poor with finite data, since minimizing the prediction error for the Q-function does not neces-
sarily lead to a larger value of the resulting DTR.

By contrast, BOWL is designed to directly maximize the value of the DTR. Even if the true optimal
DTR does not belong to the space of classifiers used by a classification algorithm, the derived clas-

sifier maximizes the expected outcome over the restricted classifier space, at least with infinite data.

29While the IPW estimator is unbiased, its variance tends to be large due to potentially extreme weights, especially if the
number of periods T is large. To reduce the variance, a variety of methods have been proposed in the literature of “off-
policy policy evaluation” (OPE) for reinforcement learning (Jiang and Li, 2016; Thomas and Brunskill, 2016; Farajtabar, Chow,
and Ghavamzadeh, 2018; Kallus and Uehara, 2020). These methods typically combine IPW with regressions for estimating
Q-functions, reducing the variance at the cost of introducing some bias. We try the DR estimator in addition to the IPW
estimator in our application. The results are qualitatively similar.

28



BOWL may also perform relatively well with finite data since minimizing the weighted classification
error translates into maximizing the estimated outcome. Existing simulation studies show that BOWL
tends to outperform Q-learning in most situations except the case where the model for the Q-function
is correctly specified and the sample size is large (Zhao, Zeng, Rush, and Kosorok, 2012; Zhao, Zeng,
Laber, and Kosorok, 2015).

That said, in our proposed algorithm (Definition 2), we can tune the hyperparameters of the re-
gression or classification algorithm to optimize the cross-validation performance of the resulting DTR,
not the prediction or classification error. Hence, the aforementioned drawbacks of Q-learning may
be alleviated. We therefore recommend trying both Q-learning and BOWL with different regression or

classification algorithms and choosing the best one in terms of the cross-validation performance.

Comparison with Static Approaches. Here we compare our dynamic approach using dynamic pro-
gramming with static approaches and discuss advantages of our approach. A possible static approach
is to construct a policy that determines the action profile (A;, ..., A7) based only on the initial state X;,
using the data on (X, Ay, ..., Ar, Y). This approach has two disadvantages. First, it wastes information
on the updated states (H,, ..., Hr), potentially leading to worse performance than a dynamic approach.
Second, for problems with longer periods, it easily becomes computationally untractable to derive the
optimal policy without dynamic programming due to too many possible combinations of actions and
state variables over time. By constrast, our proposed method using dynamic programming is compu-
tationally feasible even if there are many periods. In our application, we compare the performance of
this static policy with that of our proposed dynamic policies.

Another static approach is to construct a policy d, only using the data on (H;, A,, Y) separately
for each period. This implicitly assumes that if the estimated policy d, is actually implemented, the
actions in the future periods would be determined by the experimental policy, not by the estimated
policy (d;,1,...,dr). That is, it ignores the policy in future periods. Also, it is hard to satisfy an inter-

temporal budget constraint with this approach, since the policy in each period is separately optimized.

Extension to Multiple Actions. In the case with three or more actions, the class of threshold DTRs,
given by Definition 1, may not contain an optimal DTR. While there is no global optimality guarantee, as
a heuristic we consider finding an optimal DTR among threshold DTRs, i.e., solving the problem (6.2).
Specifically, we propose using our algorithm (Definition 2) in Section 6.2; it can be directly applied

to estimate an optimal threshold DTR for the case with multiple actions without any modifications.
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As subroutines of the algorithm, one can directly use Q-learning (Definition 3) to estimate threshold
DTRs and use the IPW estimator to evaluate DTRs even with multiple actions. By constrast, BOWL
is originally designed for the binary-action case and is not directly applicable to the multiple-action
case. In Appendix C, we propose a modification of BOWL based on the transformation of the problem

of maximizing the average outcome into a sequence of multiple binary classification problems.

Bias Reduction Techniques. In the procedure of Q-learning in Section 6.2.1, after estimating the Q-
functions at each iteration, we use them both for choosing the action and estimating the Q-values of the
chosen action. This may result in biased estimates of the Q-values due to overfitting (Lan, Pan, Fyshe,
and White, 2020), which may in turn produce estimation errors in the next iteration. To reduce the bias,
we propose using sample splitting. That is, at each iteration, we split the sample into two subsamples
and construct two sets of estimated Q-functions using the two subsamples separately. We then use
one set to choose the action and use the other to estimate the Q-values for the chosen action. We
implement this sample-splitting procedure in our empirical application. The procedure of BOWL also
has a problem of potential overfitting bias. We implement an analogous sample-splitting procedure

for BOWL to reduce the bias in our empirical application.3°

7 Offline Evaluation Results

In this section, we evaluate the performance of our policies using offline evaluation methods. To do
so, we randomly split our experimental data into the training set (70%) and the test set (30%), use the
training set to learn optimal policies, and then use the test set to estimate their average outcome and
cost by the IPW estimator (see Section 6.2.2).

We first consider the baseline setting with two actions and examine the benefits of our constrained
dynamic personalized policies based on the first experimental data. We also show the results for the

extended setting with three actions from the second experimental data.

30Specifically, at each iteration, when calculating A(,” in Step 3 of the procedure, we split the sample into two subsamples
and construct two rules using the two subsamples separately. We then calculate the decision A(,’) =d, (Ht(” ; l,) for each i by
using the rule constructed from the subsample that does not include trajectory i.
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7.1 Baseline Model

7.1.1 Policies

Remember that the baseline model has two actions: sending a coupon with an appreciation email and
only an email. We consider a class of policies (DTRs) that satisfy the inter-temporal budget constraint
and feasibility constraints. The budget constraint limits the per-user cost measured by the coupon
amount used within 2 months after the first purchase. The feasibility constraints are: (1) a coupon is
sent to each user at most once over the three possible timings, and (2) a coupon is not allowed to be
sent to users who have already made a second purchase.

We evaluate the performance of our proposed dynamic optimal policies with and without the bud-

get constraint and the following two benchmark static policies without the budget constraint:

1. Static uniform policy: This policy sends a coupon 2 days after the first purchase to all the users
who have not made a second purchase yet. We choose this as a benchmark policy because this
policy would be optimal if personalization is not permitted, given the average treatment effects

estimates in Section 5.2.

2. Static personalized policy: This policy decides whether to send a coupon and at which timing
solely based on the variables available 2 days after the first purchase. In other words, it chooses
the action profile (A;, A,, A3) among four possible profiles based on the initial state X;. We use
the data on (X, Ay, ..., A3, Y) to estimate the static optimal policy by single-period Q-learning or
BOWL treating the action profile as a single action, without imposing the budget constraint.3!

As discussed in Section 6.3, this policy does not use the updated state variables, unlike dynamic

policies.

7.1.2 Choice of Algorithms, Outcomes, and State Variables

Here we summarize our choice of the algorithms and variables for policy learning.

Algorithms. For Q-learning, one can estimate Q-functions with various machine learning algorithms

such as LASSO, Random Forest, LightGBM (Light Gradient Boosting Machine), and deep learning.3?

311f this policy is applied to the dynamic environment, it may send a coupon 10 or 30 days after the first purchase even
if the user has already made a second purchase since such information is not available in the initial state. After the policy
is learned, we adjust it so that it does not send a coupon to users who have already made a second purchase, so that the
feasibility constraints are satisfied.

32We do not use the deep reinforcement learning approach here. One reason is that there is, as long as we are aware, no
explicit reinforcement learning algorithm that can accommodate inter-temporal constraints easily. Another reason is that
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For BOWL, any classification algorithm can be used to solve the weighted classification error minimiza-
tion problem. For example, one can use SVM (Support Vector Machine), logistic regression, Random
Forest, and SGDC (Stochastic Gradient Descent Classifier).33

To see which algorithm performs better in our empirical setting, we compare the performance of
different algorithms to estimate dynamic optimal policies without budget constraints. Based on the re-
sults, we choose to use SGDC with L2 regularization for BOWL and LASSO for Q-learning, since these
algorithms provide sufficiently high retention rates with smaller costs than other algorithms.3* These
algorithms are also attractive in their feasibility and computational time, which the company is con-
cerned about. The hyperparameters of these algorithms are chosen through grid search to optimize

the cross-validation performance of the resulting policies.

Target Outcome and State Variables. We learn policies to maximize the probability of making a sec-
ond purchase within 2 months of the first purchase, to reflect the company’s primary objective of re-
tention management for first-time buyers. As discussed in Section 4, our framework can encompass
a large number of state variables X,. When learning the optimal policies, we use more than 100 state
variables such as the user’s demographics, past purchase behavior, browsing behavior, and history of
responses to the company’s marketing activities. Note that a dynamic policy assigns an action based
on all the information available at each timing, including the past and current state variables and the

actions taken up to that period. Hence, the number of the input variables increases over time.

7.1.3 Offline Evaluation Results

Table 5 summarizes the offline results for the static uniform policy, the static personalized policies, and
the dynamic personalized policies. We learn optimal personalized policies using either BOWL with
SGDC or Q-learning with LASSO. When learning dynamic optimal policies, we consider two different
levels of the per-user budget, 20 and 30 JPY. Those values are selected by the company based on their
past campaign data. For comparison purposes, we also evaluate dynamic optimal policies without a
budget constraint.

As the main performance measures, we report the uplifts in probabilities of making second and

there seem to be no established deep reinforcement learning algorithms that can be used to learn the optimal DTR under a
non-Markov decision process as in our case. Since our setup of retention management for first-time buyers necessitates a
non-Markov strategy, it is important to consider a non-stationary dynamic programming problem.

3SGDC is a linear classifier including SVM, optimized by the stochastic gradient descent. We try using the L1 norm (as
LASSO), the L2 norm (as Ridge regression), and combinations of them (the elastic net) for regularization.

34The results are available upon request.
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Table 5: Offline Uplift Performance (Baseline Model)

Uplift 2nd 3rd  Cost (JPY) ROAS
Static Uniform Policy without Budget Constraint 1.86% 0.40% 48.95 342%
Static Personalized Policy without Budget Constraint
BOWL 2.09% 0.54% 47.08 418%
Q-Learning 1.86% 0.40% 48.95 342%
Dynamic Personalized Policy without Budget Constraint
BOWL 2.14% 0.51% 46.92 420%
Q-Learning 1.86% 0.40% 48.95 342%
Dynamic Personalized Policy with Budget Constraint
BOWL: Budget = 30 1.66% 0.50% 33.39 513%
BOWL: Budget = 20 1.23% 0.19% 21.22 503%
Q-Learning: Budget =30 0.76% 0.05% 28.24 213%
Q-Learning: Budget =20 0.59% 0.32% 17.97 431%

Note: The uplifts are the differences from the no-incentive policy in the second and third purchase probabilities within 2

months after the first purchase. ROAS stands for the return on advertising spending.
third purchases within 2 months after the first purchase, relative to the no-incentive policy that always
sends an email only (the uplift here is defined as the difference in the retention rate, not the percentage
change).?® We investigate the effect on the third-time purchase because of the concern about the pos-
sible inter-temporal substitution; since our policies are learned to maximize the second-time purchase
rate, the resulting policy might simply make consumers shift their purchase timing through incentives
without increasing the third-time purchase and lifetime value. We also report the average cost of each
policy per user and the return on advertising spending (ROAS) within 2 months. ROAS is defined as
(Uplift in Sales)/(Coupon Cost).3® It is the company’s main KPI and allows us to compare the perfor-
mance across different budget constraints.

A few observations arise from Table 5. First, all of the policies have positive uplifts in the third
purchase probability relative to the no-incentive policy. This result mitigates the potential concern
that providing incentives merely moves forward the timing of the second purchase without increasing
the total number of purchases.

Second, without a budget constraint, both static and dynamic personalized policies based on Q-
learning achieve exactly the same performance as the uniform policy of always sending coupons on

day 2. This suggests that these personalized policies do no personalization (which is confirmed by

%5Due to the NDA, we are not allowed to disclose the baseline retention rates but are allowed to report only the rate uplifts.

36We count the sales from only second to fifth purchases toward the calculation of the sales uplift to make the estimates
robust to outliers who make a large number of purchases. Specifically, ROAS is computed as follows. For each of the second-
time to fifth-time purchases within 2 months of the first purchase, we compute the product of the average spending condi-
tional on the purchase and the uplift in the purchase rate. We then add it up over the second-time to fifth-time purchases.
Finally, we divide it by the cost.
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their treatment allocations; see Table 6). We suspect that, in this empirical setting, the treatment ef-
fects (the differences in the Q-values between actions) depend on high-dimensional state variables
in a complex manner relative to the sample size, resulting in the failure of Q-learning to capture the
potential heterogeneity sufficiently.

By constrast, the static personalized policy based on BOWL performs better than the uniform pol-
icy. BOWL achieves uplifts of 2.09% and 0.54% for the second and third purchases, respectively, with
a cost of 47.08 JPY, while the uniform policy achieves uplifts of 1.86% and 0.40% with a cost of 48.95
JPY. Consequently, the BOWL-based policy has a greater ROAS (418%) than the uniform policy (342%).
The better performance of the static personalized policy demonstrates the benefit of personalization
based on the user’s initial state variables. Furthermore, the BOWL-based dynamic personalized policy
without a budget constraint achieves a slightly higher second purchase probability with a lower cost,
which leads to a higher ROAS of 420% than the static optimal policy. Thus, dynamic personalization
based on changing state variables has marginal yet positive impacts on the performance.

Importantly, once we impose a budget constraint, BOWL produces more cost-effective dynamic
personalized policies. With the budget of 30 JPY, the uplifts for the second and third purchase rates of
the BOWL-based policy are 1.66% and 0.50%, respectively. While the estimated cost (calculated from
the test set) slightly exceeds the budget, the policy achieves a ROAS of 513%.%7 Similarly, with the budget
of 20 JPY, the BOWL-based policy achieves a ROAS of 503%. These ROAS figures are much greater than
those of static and dynamic policies without a constraint, which implies diminishing marginal returns
at least when the coupon spending exceeds 30 JPY. On the other hand, the dynamic policy based on
Q-learning achieves a better ROAS than the budget-unconstrained policies when the budget is set at
20 JPY, but yields a lower ROAS when the budget is 30 JPY.

The cost efficiency of our dynamic policies stems from withholding unnecessary coupons. In Table
6, we show each policy’s allocation of coupons to the three timings. The uniform policy sends coupons
to 89% of the first-time buyers on day 2; 11% of users have already made a second purchase at that
point. The static personalized policy based on BOWL allocates coupons to a nonnegligible fraction of
users (10%) on day 10. Our dynamic policies, especially under a budget constraint, further allocates in-
centives to later timings. With the budget constraint at 30 JPY, the BOWL-based policy sends a coupon
to 8% and 14% of users on days 10 and 30, respectively. With the budget constraint at 20 JPY, almost no

user receives a coupon on day 2, and 30% and 35% receive one on days 10 and 30, respectively.

37As we discuss in Footnote 4, these ROAS figures are not unusually high. Although we do not know the company’s margin,
if it is 30%, then a ROAS of 500% implies that the return on investment based on profits, rather than the sales, is about 20%,
which is about the industry average.
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Table 6: Offline Treatment Allocation (Baseline Model)

2day 10day 30day  Total

Static Uniform Policy without Budget Constraint 88.99% 0.00%  0.00% 88.99%
Static Personalized Policy without Budget Constraint
BOWL 76.25% 10.20% 1.45% 87.91%
Q-Learning 88.99% 0.00%  0.00% 88.99%
Dynamic Personalized Policy without Budget Constraint
BOWL 7893% 4.30% 4.39% 87.63%
Q-Learning 88.99% 0.00%  0.00% 88.99%
Dynamic Personalized Policy with Budget Constraint
BOWL: Budget = 30 52.18% 7.65% 13.84% 73.67%
BOWL: Budget = 20 0.56% 30.13% 34.58% 65.28%
Q-Learning: Budget =30 36.44% 6.81% 20.63% 63.87%
Q-Learning: Budget =20 29.46% 17.05% 14.07% 60.57%

Note: The table reports the fraction of customers who receive the incentive 2 days, 10 days, or 30 days after their first purchase.

By taking the dynamics of consumer purchase behavior into consideration, our dynamic optimal
policies save coupons that would otherwise be sent to users likely to make a purchase without incen-
tives. These reserved coupons are sent later to other customers based on their changing responsive-
ness to the incentive, enhancing the cost performance. This advantage is more evident under budget

constraints, where the strategy of mass-distributing coupons on day 2 is no longer feasible.

7.2 Extension

Next, we consider the extended model with three actions: sending an email with a coupon, sending
only an email, and sending nothing. We impose the same feasibility constraints on the action of send-
ing a coupon as in the baseline model, while no feasibility constraints are imposed on the action of
sending an email. Thus, unlike in the baseline model, we are allowed to make personalized actions (ei-
ther sending a no-incentive email or not) to the users who already made a second purchase or already
received a coupon. We expect a potentially larger benefit of dynamic personalization in this extended

setting.

Benchmark Policies. We first evaluate two benchmark policies. The first one is the same static uni-
form policy as the one we evaluate in the baseline setting with two actions. On day 2, this policy sends
a coupon to all the users who have not made a second purchase yet and sends an email to everyone
else. On days 10 and 30, it sends an email to everyone. The second benchmark is a dynamic personal-

ized policy that is optimal for the baseline model with two actions. This policy is learned using the first
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Table 7: Offline Uplift Performance (Extension)

2nd 3rd Cost (JPY) ROAS

Static Uniform Policy 740% 4.61% 129.27 741%
Dynamic Personalized Policy from First Experiment

BOWL: Budget = 30 7.38% 4.61% 127.47 747%
Dynamic Personalized Policy from Second Experiment

BOWL: Budget = 127.47 8.04% 4.83% 116.21 877%

Note: The uplifts are the differences from the no-email policy in the second and third purchase probabilities within 3
months after the first purchase. The cost includes the user’s coupon spending and the cost of sending an email. ROAS
stands for the return on advertising spending.

experimental data with the budget set at 30 JPY. The company tested it online (see Section 8) and had
been implementing it after the first experiment.

Table 7 reports the offline estimates of the counterfactual performance of these policies within 3
months of the first purchase, calculated from the second experimental data (i.e., the results show how
these policies would perform if applied to the second setting). Unlike in the baseline model, the uplifts
are measured relative to the no-email policy that never sends an email with or without incentives, so
the uplifts capture both of the effects of incentives and emails. The cost includes the cost of sending
emails (less than 1 JPY per email) in addition to the user’s coupon spending. The results show that the
two benchmark policies have similar performance, which suggests that the distribution of the initial
state variables changed during the period between the first and second experiments in a way that the
dynamic policy sends a coupon to most of the users on day 2. Moreover, the per-user cost of the static
uniform policy is much larger in the second experiment than in the first experiment. This is because the

company implemented a campaign to encourage users to spend more points after the first experiment.

Optimal Policy. Next, we use the second experimental data to learn a dynamic policy with the ad-
ditional action of not sending an email. We focus on BOWL using SGDC with 1.2 regularization as the
learning algorithm, since it has a better performance than other algorithms in the baseline model. The
company wishes to increase the second and third purchase rates without increasing the cost, so the
budget per user is set at 127.47 JPY, the 3-month cost of the benchmark dynamic policy from the first
experiment. We learn the hyperparameter of the new policy to maximize the second purchase rate
within 2 months under the budget constraint and the additional constraint that the third purchase

rate within 3 months is no smaller than that of the benchmark policy (4.61%).38 We use a longer length

38For each given value of the hyperparameter that controls the cost, we use BOWL to learn a policy by setting the outcome
to the second purchase indicator within 2 months if the user has not made a second purchase yet, and to the third purchase
indicator within 3 months if the user has already made a second purchase (see Appendix C for the implementation details).
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Table 8: Offline Treatment Allocation (Extension)

2day 10day 30day  Total

Email with Incentives 62.40% 17.34% 6.28% 86.01%
Email without Incentives 20.29% 50.60% 49.36% —
No Email 17.31% 32.07% 44.36% —

Note: The table reports the fraction of customers who receive an email with or without
incentives or no email 2 days, 10 days, or 30 days after their first purchase.

of time to measure the third purchase rate as it naturally requires more time for users to make a third
purchase.

Table 7 reports the performance of the optimal policy, showing that the dynamic personalized pol-
icy with three actions achieves a greater chance of retention than the benchmark dynamic policy with
two actions. For both the 3-month second and third purchase rates, the optimal policy leads to a higher
uplift. The financial implications of the results are more pronounced. The average marketing cost of
our policy is 116.21 JPY per user, while that of the benchmark policy is 127.47 JPY (9.69% higher). This
cost difference translates into a huge difference in ROAS: ROAS for the optimal policy is 136 percentage
points greater than that for the benchmark.

In Table 8, we describe how the optimal policy allocates financial incentives and appreciation
emails over time. The optimal policy assigns some coupons to later days: it sends a coupon to 62.40%
of users 2 days after the first purchase, 17.34% 10 days after, and 6.28% 30 days after. The optimal policy
can save money because it does not send incentives right away to those who would make a purchase
even without incentives. At the same time, it can increase the retention rates by sending coupons later
days to those who would respond to incentives more strongly on later days than on day 2. Moreover,
the policy does not send an email to 17.31%, 32.07%, and 44.36% of the users on days 2, 10, and 30,
respectively. Hence, it is not necessary to send emails to all users, which is consistent with the null

average treatment effects of emails in Section 5.2.

8 Online Evaluation Results

Finally, the company tested online the performance of the optimal policies that we developed for both
the baseline model and the extension model. For each model, the company runs an A/B test of ran-
domly assigning first-time buyers to different candidate policies. For the baseline model, the test con-
siders four candidate policies: a static policy based on BOWL, a dynamic policy based on Q-learning

without a budget constraint, and dynamic policies based on BOWL with and without a budget con-

37



Table 9: Online Uplift Performance

2nd 3rd Cost (JPY) ROAS

Baseline Model
Static Personalized Policy without Budget Constraint
BOWL 5.97% 2.16% 122.8 409%
Dynamic Personalized Policy without Budget Constraint
BOWL 5.87% 2.23% 120.9 401%
Q-Learning 5.16% 1.84% 107.2 310%
Dynamic Personalized Policy with Budget Constraint
BOWL: Budget = 30 4.55% 1.76% 94.4 550%
Extension
Dynamic Personalized Policy with Budget Constraint
BOWL: Budget = 127.47 3.26% 1.91% 93.9 306%

Note: The uplifts are the differences from the no-email policy in the second and third purchase probabilities within 2 months
after the first purchase. ROAS stands for the return on advertising spending.
straint. The budget is set at 30 JPY. For the extension model, the test considers only the dynamic policy
based on BOWL with a budget of 127.57 JPY (due to the company’s policy). Both tests also include a
control group of users who do not receive any email. The first test was implemented in the fall of 2021,
and the second one was implemented in the summer of 2022. The duration of each test is a few months.
Table 9 reports the uplift in the retention rates, cost, and ROAS for each policy within 2 months af-
ter the first purchase. For the baseline model, the costs in the online test are much larger than the cost
estimates from the offline evaluation due to the company’s campaign of encouraging users’ coupon
spending after the first experiment. The online results show that, without a budget constraint, the
static and dynamic policies based on BOWL perform similarly, and they achieve higher retention rates
and better ROAS than Q-learning, as consistent with the offline results. More importantly, our pro-
posed dynamic policy with a budget constraint has a good balance of the retention rate uplift and cost,
achieving much better ROAS than any other policies as in the offline setting. The results confirm that
our approach performs well not only for the offline setting but also for the online, out-of-sample set-
ting.
For the extension model, our dynamic personalized policy has an uplift in the second purchase rate
of 3.26% and a ROAS of 306%, which are smaller than the offline evaluation results. We suspect this is
because the Japanese economy went back to normal after the pandemic and hence users’ demand for

online shopping and responsiveness to incentives declined during this online test period.
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9 Conclusion

This paper proposes a method to learn an optimal dynamic targeting policy for customer retention
management when there is a inter-temporal budget constraint. Dynamic policies are crucial for cus-
tomer retention management as the states of consumers such as an intention for future purchases
inherently evolve over time. Moreover, since most marketing campaigns have certain budget ceilings,
it is practically important to consider a cost-efficient way to target consumers.

To do so, we extend the existing methods of estimating optimal DTRs to account for an inter-
temporal budget constraint. In particular, we characterize an optimal DTR under a budget constraint
and provide an algorithm to learn it using experimental data. Our algorithm incorporates two meth-
ods, Q-learning and BOWL, into a constrained optimization problem.

Our empirical application is a large online e-commerce platform in Japan. We personalize whether
to send a “thank you” message and a coupon to those who make their first purchase to urge second
purchases. The company runs a series of large-scale randomized experiments with more than 100,000
monthly new buyers, which allow us to estimate dynamic personalized policies in the offline setting
before the company actually implements them for the entire population.

The results show that the optimal DTRs are highly cost-effective. Our offline evaluation shows that
our policy with a budget constraint can achieve a return on advertising spending of as high as 500%.
Moreover, the company tests our proposed policy on their platform, and the online evaluation results
confirm that our policy is highly effective.

Our paper contributes to the literature on retention management by providing a method to achieve
cost-effective dynamic policies. There are, however, some limitations. First, in our application, the
company fixes three days when emails and coupons can be sent to customers. It is important and in-
teresting to extend the method to the case where the company can choose the timing more flexibly
beyond what'’s observed in the data. Second, although we use a heuristic way (grid search) to tune hy-
perparameters to avoid overfitting, we need more efficient ways in practice. We leave those questions

for future research.
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Online Appendix

A Balance Check

We check the balance between the treatment groups and the control group to see if the randomization
is done accurately. Since we use more than 100 variables, we do not report the mean comparison of
each variable in a table. Rather, in Figure A.1, we show the histograms of the t-values for the mean
comparison test between the treatment and control groups for the variables used in the estimation of
the optimal DTR. As the graphs show, t-values are located between —2 and 2 for most of the variables.

Hence, there is no significant difference between the control and treatment groups.

Figure A.1: Balance Check (First Experiment)
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Note: Each figure plots the histogram of t-values for a mean-comparison test between each treatment group and the control group.

B Details on Treatment Effects

B.1 Average Treatment Effects

Table A.1 shows the estimation results of ATEs on 8-week outcomes in the second experiment. Notice
that in this experiment, we have two sorts of treatments, an email with a coupon incentive and an
email without a coupon, for each treatment timing (2, 10, or 30 days after the first purchase). As in
Table 4, to estimate the ATE of financial incentives on one timing, we use the subsample of the users
who receive the email on at least one of the other timings. To estimate the ATE of emails, we condition
on the subsample that receives financial incentives on one of the other timings.

Table A.2 shows the estimation results of ATEs on 12-week outcomes of each treatment net of the
other treatments. Specifically, for treatment of financial incentives, we condition on the subsample

that receives no email on the other timings. For emails, we condition on the subsample that receives
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Table A.1: Average Treatment Effects on 8-Week Outcomes (Second Experiment)

Retention Sales (JPY) Quantity Retention Sales (JPY) Quantity

(A): Financial incentive (B): Only appreciation email
2 day 0.043 341.4 0.132 0.001 -39.7 -0.007
(0.003) (164.6) (0.032) (0.003) (151.9) (0.032)
10 day 0.026 88.7 0.037 0.002 116.9 0.024
(0.003) (111.8) (0.029) (0.003) (161.7) (0.037)
30 day 0.014 17.3 0.041 0.001 -121.7 -0.032
(0.003) (182.7) (0.019) (0.003) (110.0) (0.036)

Note: In each panel, the first column reports the treatment effects on whether a customer makes any pur-
chases within 8 weeks since their first purchase. The second column reports the treatment effects on total
sales and the third column reports the treatment effects on the number of items purchased. For the first
panel, we condition on the subsample of customers who receive an email on at least one of the other tim-
ings. For the second panel, we condition on the subsample of customers who receives financial incentive on
one of the other timings. The standard errors are in parentheses. The table does not report the constants as
the constants reveal the baseline retention rates, sales, and quantities, which is prohibited due to the NDA.

Table A.2: Robustness Check of ATE Estimates (Second Experiment)

Retention Sales (JPY) Quantity Retention Sales (JPY) Quantity

(A): Financial incentive (B): Only appreciation email
2 day 0.026 139.7 0.152 -0.002 -114.1 0.098
(0.005) (236.8) (0.087) (0.003) (192.4) (0.038)
10 day 0.012 -148.8 0.023 -0.003 26.9 -0.025
(0.005) (237.4) (0.087) (0.003) (184.1) (0.038)
30 day 0.004 416.0 0.075 -0.001 -94.8 0.015
(0.005) (237.5) (0.087) (0.003) (184.1) (0.038)

Note: In each panel, the first column reports the treatment effects on whether a customer makes any pur-
chases within 12 weeks since their first purchase. The second column reports the treatment effects on total
sales and the third column reports the treatment effects on the number of items purchased. For the first
panel, we condition on the subsample of customers who did not receive any email on the other dates. For
the second panel, we condition on the subsample of customers who did not receive any financial incentive
on the other dates. The standard errors are in parentheses. The table does not report the constants as the
constants reveal the baseline retention rates, sales, and quantity, which is prohibited due to the NDA.

no financial incentives on the other timings. The results are robust to the choice of conditions, while

the treatment effects are generally smaller than the ATEs in Table 4.

B.2 Conditional Average Treatment Effects

Next, we provide the results of the conditional average treatment effects (CATEs) omitted from Sec-
tion 5.3. Figure A.2 shows the CATEs of the 2, 10, and 30-day treatments on retention within 8 weeks
of the first purchase for each decile of the total spending for the first purchase (left panels) and the
number of messages sent until the delivery of the first item (right panels). The CATEs are estimated by

the linear regression presented in Section 5.3. Both conditioning variables exhibit clear heterogeneity

in the treatment effects.

45



Figure A.2: CATEs of 2, 10, and 30-day Treatments on 8-Week Retention (First Experiment)
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Note: The figures show the average treatment effects of the 2, 10, and 30-day treatments on the retention rate within 8 weeks against
the total spending for the first purchase (left panels) and the number of messages sent since the delivery of the first item (right panels).
The total spending and the number of messages are split into deciles. Error bars indicate the 95% confidence intervals.
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C Backward Outcome Weighted Learning with Multiple Actions

In the case of binary actions, BOWL uses the fact that 1[{A; = d,(H,)]=1—1[A; # d,(H,)] to transform
the problem of maximizing the average outcome into a binary classification problem. With multiple
actions, we cannot simply use such a trick to transform the original problem into a multiclass classifi-
cation problem. We instead use the transformation into multiple binary classification problems, which

is operationalized as follows.3"

Definition 5 (BOWL for Threshold DTRs with Multiple Actions). Construct an estimator da) =
(d}(-; it))thl for the threshold DTR d(4) = (d,(+; it))le by iterating the following three steps backward

fromt=Ttot=1:

1. For each pair of actions {a,,a;} C .¢/;, apply a binary weighted classification method to the sub-
sample for which both actions are feasible and either of the two actions is chosen in period ¢ (i.e.

{a;,a} € .o, (Ht(i)) and A(ti) €{a,,a}), using A(ti) as the true class, Htm as the feature vector, and

) _ . . T N
O i 901 O )
do° (A(i)lH(i)) - l—[T do(A(illH(iJ)

{4 i\Aj 1

0 j=t7j
. Al
i. Here, A, ,,...,

(when t < T) as the weight for observation

A(Ti) are defined in Step 3 of the iterations prior to ¢. Let d,(h;;{a;, a;}) denote

the constructed classification rule.

2. Construct a rule that chooses the action with the largest number of wins in a round-robin tour-

nament.

dt(ht;it)Earg glda)((h) Z l[dt(ht;{atya;}):at]'
GG e dhy(ho\Mas}

3. Let A(ti) =d, (Ht(i);i,) fori=1,..,n.

Implementation Details for Application in Section 7.2. As mentioned in Footnote 38 in Section 7.2,
for each given A, we use BOWL to learn a threshold policy by setting the outcome to the second pur-
chase indicator within 2 months if the user has not made a second purchase yet, and to the third
purchase indicator within 3 months if the user has already made a second purchase. Specifically,
let Y5,,42m and Y3,43,, denote the second purchase within 2 months and the third purchase within
3 months, respectively, and second,; denote whether the user has made a second purchase before the

beginning of period ¢, which isincluded in H;. We implement the above algorithm (Definition 5) where

3This is in the same spirit with the one-versus-one reduction of multiclass classification, which is implemented by many
computer software packages available in R and Python.
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(i) (i) (i)
2nd,2m Srd 3m

Y —ArC
the weight for observation i is given by (A(—)lH) if secondr =0 and A
T

(YZ(nd 2m A[C ‘ )H] t+1 I[A(]i):A(ji)] (YS(rl)d Sm)l_[jT t+1 I[A(]i):A(ji)]
[T, dj(a7m") ). dj(a7m)")

t < T). We do not penahze the cost if second; = 1, since whether to send a no-incentive email to the

) if secondr =1 (when
T

t=T), or

if second, = 0 and if second, =1 (when

user does not significantly affect the cost.

D Mathematical Appendix

NOtatiOIl. For t = 1,..., T, let ﬂt ht;at+1) = Qty(ht, l;at+1) - Qg(hl»,o;at_’_l) and yt(ht;at+l) =
Qc(ht, 1;d,)— Qt (h;,0;d,.). For convenience, we interpret (dt 1,d )as d when ¢ =1 and interpret

d, d,,)asdwhent=T.

t+1)

D.1 Proof of Proposition 1

Let d* solve (6.1), and let A* € RI satisfy that Eg3+[C] = B and that Eg a,., (" 1)[C] = Bforall r =
1,..., T —1. Then, d(A*) is shown to solve (6.1) by induction from the following lemma (note that the

lemma shows that (d?

T_ 1,dT( )) solves (6.1) without any assumption).

Lemmal. Lett €{1,.,T}. Ift =T, then(d*_,,d (lt)) solves (6.1). Ift < T and (d ,d, (A7, ) solves

-1’ t+1

the problem (6.1), then (d%_

1 d,(2 ))solves(ﬁ 1).

Proof. Lette{l,...,T}. Foraruled,,letd;(h;)€[0,1] denote the probability of choosing action 1 given

h;, regardless of whether d; is deterministic or not. If # < T, suppose that (d} ,d,41(27, ) solves (6.1).

1)

Since (d} dt+1(lt +1)) is optimal (for ¢ = T, this holds by the optimality of d*), d solves

[C1<B (D.1)

t41)

max By a0, ) V180 By a,a0.00
among rules satisfying the period- ¢ feasibility constraint. Observe that for any d,,

By andonii LY 1= o 1Q (Hy, 05drn (A, )+ dy(H)B(Hysd (A, )],

Ed pdidy (A [C] = Ed* [Q (Ht’O;at+l(i>:+1))+ dt(Ht)Yt(Ht;at+1(it+1))]-
The problem (D.1) is then equivalent to

II}iaXEg* «(H)B( thdH—l(lH_l))] s.t. Eg*;_l[dt(ch/t(Ht;at+1(2—'>:+1))] <B, (D.2)
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where B=B—Eg: [Q[ (Hy,0:d,11(4,,).

Below, we show that d,(-; A" ;) solves (D.2), which implies that (d}_ 1,d,f(i*;)) solves (6.1). Let

So={h; € #;: dy(hi; A1) =0,d(h,) > 0},

Si={h, € 4, :d,(h;A;)=1,d(h;) < 1}.

Note that .o/,(h;) = {0,1} for any h, € S, U S;, since otherwise the feasibility constaint is violated by
either d,(;;A;) or d¥. Observe that

0> Ege [d(H,)y (Hyida(RY, )= Eay [dy(Hy Ay o(Hisd (A7)

= g [(dX(H)—dy(Hi: Ay (Hy dyn (A7)

= Eg*;_l [1[H; € Sld *(Ht)Vt(HtrdHl(ltH))]_ Eg*;_l [1[H; € §](1— d:(Ht))‘}/t(Ht; at+1(it+1))];

where the inequality in the first line holds since Eg:_ [d*(Ht)y,(H,,dtH(lt 2= B and
Egs;il[dt(H[, )yt(Ht,dHl( Hl))]—Bbyassumptlon We then obtain that

Eg*;_l[d:(Ht)ﬂt(Ht;at+l(Zt+l)]_Eg*_ [d,(Ht;Zt)ﬂt(Ht;(_lHl(i’:H))]
=Ed* [I[Ht eSO *(Ht ﬁ (Ht’dt+1(}vt+1))]_Eg* [ [Ht eSl](l d Ht))ﬁt Ht’dt-k—l(lt_,_l))]
< Xi(Eg:_ [\[Hy € Sl (H )y o(Hp;dy(Ay, )] — Ea: [MH; € 11— d(Hy))y (Hp; dea (A7)

<0

)

where the inequality in the third line holds since

dt(ht» )earg max {Qt h[’al”d[+1()’[+1)) )LtQ[C(htrat;at+l(i>:+1))}

a;€{0,1}

_arganel{%xl}at {ﬂt ht»dt+1( t+1)) Atyt(htrdt-kl(a'prl))}

forall h, € HUS,, d,(h; A;)=0forall h, €Sy, and d,(h;;4;)=1forall h, € S,. Therefore, d,(+; ;) solves
(D.2), and hence (d;_ 1,dt(ii)) solves (6.1). ®
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D.2 Proof of Proposition 2

Let t €{1,..., T}. Observe that for any deterministic rule d;,

Eg;fl,dz,am(zm)[ Y]= Eg’t_l[QtY(Ht»(k at+l(it+l)) +d,(H;)B:(H; at+1(it+l))];

Eg  d,d,.0,0)[Cl= Eg’[_l[QtC(Htr 0;d; 1 (A1) + di(Hy)y o (Hpsd g (Ar))),

and hence

Eg;_l,d[,&m(im)[Y—lx C]ZEQ/H[QtY(Ht,O; at+l(it+1))_Ath~C(Ht,O;at+1(it+1))]

+Ey_ [d:(H){B:(Hy; di 1 (A1) =27 (Hs dia (A0},

given any arbitrary d’_, in particular c_l‘t)_l. It follows from the definition of d,(-;A,) that d,(; 4,) max-

S
imizes Ed't_w dpd, (3.l Y —A:Clamong rules d, satisfying the period-t feasibility constraint. Under

Assumption 1,

(Y 2O jor1 L[4 = ;55 2,)]
Eg d,d,G Y A CI=E j=t+

B H?:t d;') (Aj|Hj)

I[At = dt(Ht)] ,

T

where we set l_[j:r+1 1 [Aj = dj(Hj;ij)] =1 when ¢ = T. Since the action is binary and hence 1[A; =

d,(H;)]=1—1[A, # d,(H,)], maximizing the right-hand side is equivalent to minimizing

(Y =20 Tjo sy 1[4 = dj(Hj; 1))
H]T:t d;') (Alej)

1A, #d(H)]| .

Therefore, d,(-; A,) minimizes the above among rules d, satisfying the period-t feasibility constraint.
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